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Model

X1,X2, . . . ∈Rd i.i.d. random vectors
distributed according to a probability
measure µ=µd
Pn,d = conv(X1, . . . ,Xn)

What does a high dimensional random
polytope look like ?

µ= Unif(Sd−1)

P3,2

P7,2

P15,2

µ= Unif(Bd )

Distribution
Uniform on the sphere,
Uniform in the ball,
Gaussian,
Beta distributions,
. . .

Regime
n 'αd linear,
n ' dα polynomial,
n 'αd exponential,
n ' dαd super exponential,
. . .

Characteristic
Number of facets,
Height of the facets,
Volume,
1(0 ∈Pn,d ),
. . .
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Distribution
Uniform on the sphere,

Regime
n 'αd linear.

Characteristic
1(0 ∈Pn,d ),

Theorem (Wendel, 1962)

P(0 ∉Pn,d )= 1
2n−1

d−1∑
k=0

(
n−1

k

)
=P(Bn−1 < d).

where Bn−1 is a Binomial random variable with parameters n−1 and 1
2 .

Since [2Bn−1−(n−1)]/
p
n−1 d−→Z ∼N (0,1) we have

Corollary (Threshold phenomena)

lim
d→∞

P(0 ∈Pn,d )=
{
0 if n≤ (2−ε)d ,

1 if n≥ (2+ε)d .

Corollary (Phase transition)

If n= 2d +x
p
d +o(

p
d) then lim

d→∞
P(0 ∈Pn,d )=Φ(x).

where Φ(x)=P(Z ≤ x) is the CDF of a standard normal random variable.
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Height of a facet

Let F be a facet of Pn,d .
Set H = affineHull(F ) its supporting hyperplane
Let u ∈Sd−1 and h ∈R such that H = {x ∈Rd : 〈x ,u〉 = h} and
Pn,d ⊂ {x ∈Rd : 〈x ,u〉 ≤ h}. We call h the height of the facet F .

(a) A facet with positive height. (b) A facet with negative height.

The typical height Htyp is a random variable defined by

P(Htyp ∈ ·)=P([X1, . . . ,Xd ] has height ∈ · | [X1, . . . ,Xd ] is a facet of Pn,d ).
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Typical height

Distribution assumption: uniform on the sphere.
Let [h1,h2]⊂ [−1,1].

P(Htyp ∈ [h1,h2])= P([X1, . . . ,Xd ] is facet & its height is ∈ [h1,h2])
P([X1, . . . ,Xd ] is a facet of Pn,d )

=
I[h1,h2]
I[−1,1]

,

where

I[h1,h2] =P([X1, . . . ,Xd ] is facet & its height is ∈ [h1,h2])
... Toolbox from integral geometry

=
∫ h2

h1
c1(1−h)

d2−2d−1
2

(
c2

∫ h

−1
(1− s2)

d−3
2 ds

)n−d
dh.
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Typical height

Theorem (B., O’Reilly, 2019+)
Distribution assumption: Uniform on the sphere.

(sub-exponential) If (lnn)/d → 0, then Htyp
P−→ 0.

If n−d =O(
p
d), then dHtyp − n−dp

d
r1

d−−−−→Z ∼N (0,1).

If
p
d ¿ n−d ¿ d, then d3/2

n−d Htyp
P−−−−−−−−−→ r2.

If n∼ ρd, then
p
dHtyp

P−−−−−−−−−−→ r3(ρ).

If lnn¿ d ¿ n, then
√

d
ln(n/d)Htyp

P−−−−→ r4.

(exponential) If (lnn)/d →α, then Htyp
P−→p

1−e−α.

(super-exponential) If (lnn)/d →∞, then Htyp
P−→ 1.

If lnnÀ d, then − d−1
lnn ln

(
1−H2

typ

)
P−−−−−−→ r5.

If lnnÀ d lnd, then r6 n
d (1−H2

typ)
d
2 −p

d tv−−−−→Z ∼N (0,1).

If ”d is fixed”, then ncd (1−H2
typ)

d−1
2 tv−−−−−−−→ Γd−1.

where r1 =
√

2
π , r2 = 2

π , r3 = argmax(r 7→ (ρ−1)lnΦ(r)− r2/2), r4 =p
2, r5 = 2, r6 = 1
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Interval containing the heights of all the facets

Hmin :=min{height(F ) |F ∈ Facets(Pn,d )}

Hmax :=max{height(F ) |F ∈ Facets(Pn,d )}

These random variables have a similar asymptotic as the typical height:

Theorem (B., O’Reilly, 2019+)
Distribution assumption: Uniform on the sphere.
For H ∈ {Hmin,Htyp,Hmax}, we have

(sub-exponential) If (lnn)/d → 0, then H P−→ 0.
If n−d ¿ d, then

p
dH P−−−−−−−−−−−−−−−−−−→ 0.

If n∼ ρd, then P(r7(ρ)≤p
dH ≤ r8(ρ))−→ 1.

If lnn¿ d ¿ n, then
√

d
ln(n/d)H

P−−−−−−−−−−−→ r4.

(exponential) If (lnn)/d →α, then H P−→p
1−e−α.

(super-exponential) If (lnn)/d →∞, then H P−→ 1.
If lnnÀ d, then − d−1

lnn ln
(
1−H2

)
P−−−−−−→ r5.
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Three main regimes
Intuitive representations

Distribution
Uniform on the sphere,

Characteristic
Height of the facets,

(a) sub-exponential regime
(lnn)/d → 0.
Facets’ heights 'O(1/

p
d).

(b) exponential regime
(lnn)/d →α.
Facets’ heights 'p

1−e−α.

(c) super-exponential regime
(lnn)/d →∞.
Facets’ heights ' 1.
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Distance between Pn,d and Bd

Hausdorff distance Vs Volume ratio.

Distribution assumption: Uniform on the sphere

Hausdorff distance:

dH(Pn,d ,Bd )= 1−Hmin

Corollary

dH(Pn,d ,Bd )→ 0⇔ (lnn)/d →∞.

Volume ratio:

EVd (Pn,d )
Vd (Bd )

" The volume of the ball Bd is
concentrated in a thin shell of
width of order 1

d .
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Threshold

Theorem: Volume Threshold 2007
Pivovarov
Distribution assumption: Uniform on the sphere/ball.
Fix ε ∈ (0,1).
Then lim

d→∞
EVd (Pn,d )

Vd (Bd )
=

0 if n ≤ d(1−ε)( d2 ),

1 if n ≥ d(1+ε)( d2 ).

Theorem: Volume Threshold (Extension of Pivovarov’s result) 2018
B., Chasapis, Grote, Temesvari, Turchi

Distribution assumption: Beta distribution: density ∝ 1(x ∈Bd )(1−‖x‖2)β.
Fix ε ∈ (0,1) and let β=β(d)>−1.
Then lim

d→∞
EVd (Pn,d )

Vd (Bd )
=

0 if n ≤ d(1−ε)(β+ d
2 ),

1 if n ≥ d(1+ε)(β+ d
2 ).

In the same paper we show similar results for intrinsic volumes and for
Gaussian distribution.
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Phase Transition

Theorem: Phase transition for random polytopes in the unit sphere 2019+
B., Kabluchko, Turchi

Distribution assumption: Beta distribution: density ∝ 1(x ∈Bd )(1−‖x‖2)β.

Let β=β(d)>−1. If x ∈R is fixed and n =
(

d
2x+o(1)

) d
2 +β, then

lim
d→∞

EVd (Pn,d )
Vd (Bd )

= e−x

In the same paper we show similar results for:
intrinsic volumes.
asymptotic for the number of vertices for the uniform distribution on the
ball.
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Threshold phenomena for high-dimensional random polytopes
G.B., G. Chasapis, J. Grote, D. Temesvari and N. Turchi
Communications in Comtemporary Mathematics, vol 21, no 5 (2019)

Phase transition for the volume of high-dimensional random polytopes
G.B., Z. Kabluchko and N. Turchi
arXiv:1911.12696
Facets of spherical random polytopes
G.B. and E. O’Reilly
arXiv:1908.04033

Thank you!
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