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Research Overview : Stochastic geometry

o
. Polytopes
0 e Convex hull of a finite number of points.

Tessellations
Covering of the space by non intersecting sets.

Networks
Collection of vertices and edges.
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High Dimensional Random Polytopes Dr. G. Bonnet

Research Overview : Stochastic geometry

Three examples and applications

= Polytopes
’ J} Random convex hull.
/) —Approximation of convex set

\// Random Delaunay graph.
A~ —Delaunay tessellation field estimator [Rien van de Weijgaert]
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High Dimensional Random Polytopes

Research Overview: Stochastic Geometry

Toy example in dimension 2

X6
Xz X
Let X1,..., Xp ~ Unif(S?) i.i.d. X
Let P, =conv(Xy,...,Xpn). 3
Let V1(Pp) be its perimeter. Xo
X1
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High Dimensional Random Polytopes

Research Overview: Stochastic Geometry

Toy example in dimension 2

X6
Xz X
Let X1,..., Xp ~ Unif(S?) i.i.d. X
Let P, =conv(Xy,...,Xpn). 3
Let V4 (Pp) be its perimeter. X
X1

EVi(Pn)=E ) 1([X;,Xj] is an edge of Py) V1 ([X;, X;])

l<i<jsn

_ (;)[E[l([xl,Xz] 's an edge of Pn)V1([X1, Xz])]
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Research Overview: Stochastic Geometry

Toy example in dimension 2

X
X560 e
Let X1,..., Xn ~ Unif(S1) i.i.d. X;;
Let P, =conv(Xy,...,Xpn). 3
Let V4 (Pp) be its perimeter. X

X1 Arc(X1,X2)

EVi(Pn)=E ) 1([Xi,Xj] is an edge of Py)V1([X;, X)])

l<i<jsn

_ (g)[E[l([XLXﬂ 's an edge of Pn)V1([X1, Xz])]
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Research Overview: Stochastic Geometry

Toy example in dimension 2

X
X560 e
Let X1,..., Xn ~ Unif(S1) i.i.d. X;;
Let P, =conv(Xy,...,Xpn). 3
Let V4 (Pp) be its perimeter. X

X1 Arc(X1,X2)

EVi(Pn)=E ) 1([Xi,Xj] is an edge of Py)V1([X;, X)])

l<i<jsn
_ (g)[E[l([XLXﬂ 's an edge of Pn)V1([X1, Xz])]

n\, (2" neon . ouydu
=15 2]0 P(X3 ¢ Arc(X1,X2) | Length(Arc(X1, X2)) = u) 2sm(§)§

1
=2n(n- 1)[ v 2sin(nv)dv
0
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Research Overview: Stochastic Geometry

Toy example in dimension 2

X
X560 e
Let X1,..., Xn ~ Unif(S1) i.i.d. X;;
Let P, =conv(Xy,...,Xpn). 3
Let V4 (Pp) be its perimeter. X

X1 Arc(X1,X2)

EVi(Pn)=E ) 1([Xi,Xj] is an edge of Py)V1([X;, X)])

l<i<jsn
_ (g)[E[l([XLXﬂ 's an edge of Pn)V1([X1, Xz])]

n\, (2" neon . ouydu
=15 2]0 P(X3 ¢ Arc(X1,X2) | Length(Arc(X1, X2)) = u) 2sm(§)§

1
=2n(n- 1)[ v 2sin(nv)dv
0
T

=2n(n-1) (m - 0())|=2r-0( %)
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Research Overview: Stochastic Geometry

Toy example in dimension 2

X
X560 e
Let X1,..., Xn ~ Unif(S1) i.i.d. X;;
Let P, =conv(Xy,...,Xpn). 3
Let V4 (Pp) be its perimeter. X

X1 Arc(X1,X2)

EVi(Pn)=E ) 1([Xi,Xj] is an edge of Py)V1([X;, X)])

l<i<jsn
_ (g)[E[l([XLXﬂ 's an edge of Pn)V1([X1, Xz])]

n\, (2" neon . ouydu
=15 2]0 P(X3 ¢ Arc(X1,X2) | Length(Arc(X1, X2)) = u) 2sm(§)§

1
=2n(n- 1)] v 2sin(nv)dv
0

T

—2n(n-1) (m - o(i)) - o(%] ! v, (Optimal,,).

nt
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Outline

@ Recent Research Topic: High Dimensional Random Polytopes (~15 min)

5/15



High Dimensional Random Polytopes Dr. G. Bonnet

Model p=Unif(S71) | = Unif(B9)

° X1,X2,...€|Rd i.i.d. random vectors
distributed according to a probability

measure U= iy Py,
e P, 4=conv(Xy,...,Xn)
What does a high dimensional random P15

polytope look like ?
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Model p=Unif(S71) | = Unif(B9)

° X1,X2,...€|Rd i.i.d. random vectors
distributed according to a probability

measure [ = [ig P75
e P, 4=conv(Xy,...,Xn)

What does a high dimensional random P15
polytope look like ?

Distribution
@ Uniform on the sphere,
@ Uniform in the ball,
@ Gaussian,
@ Beta distributions,
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° X1,X2,...€|Rd i.i.d. random vectors
distributed according to a probability

measure U= iy Py,
e P, 4=conv(Xy,...,Xn)
What does a high dimensional random P15

polytope look like ?
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High Dimensional Random Polytopes Dr. G. Bonnet

Model p=Unif(S71) | = Unif(B9)

° X1,X2,...€|Rd i.i.d. random vectors
distributed according to a probability

measure (= iy P75
e P, 4=conv(Xy,...,Xn)
What does a high dimensional random P1s,2
polytope look like ?
Distribution Regime Characteristic
@ Uniform on the sphere, @ n=ad linear, @ Number of facets,
@ Uniform in the ball, @ n=d% polynomial, @ Height of the facets,
@ Gaussian, o n=qa¢ exponential, @ Volume,
o Beta distributions, o n=d* super exponential, ® 1(0 ¢ Prd),
° ... ° ° ...
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High Dimensional Random Polytopes Dr. G. Bonnet

Height of a facet

Let F be a facet of P, 4.

Set H = affineHull(F) its supporting hyperplane

Let ue S9! and heR such that H = {x e R : (x,u) = h} and
Pn,d cixe RY (x,uy < h}. We call h the height of the facet F.

(a) A facet with positive height. (b) A facet with negative height.
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High Dimensional Random Polytopes Dr. G. Bonnet

Height of a facet

Let F be a facet of P, 4.

Set H = affineHull(F) its supporting hyperplane

Let ue S9! and heR such that H = {x e R : (x,u) = h} and
Pn,d cixe RY (x,uy < h}. We call h the height of the facet F.

(a) A facet with positive height. (b) A facet with negative height.

The typical height Hiyp is a random variable defined by

P(Hyp € ) =P([X1,...,Xq] has height €-|[X1,...,Xq4] is a facet of P, 4).
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High Dimensional Random Polytopes Dr. G. Bonnet

Typical height

Distribution assumption: uniform on the sphere.
Let [h1, o] < [-1,1].

P([X1,...,Xq] is facet & its height is € [hy1, ho])

P(H, hy1,ho]) =
(Fhyp € [h1, h2]) P([X1,...,Xq] is a facet of Pp, )
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High Dimensional Random Polytopes Dr. G. Bonnet

Typical height

Distribution assumption: uniform on the sphere.
Let [h1, o] < [-1,1].

P([X1,...,Xq] is facet & its height is € [hy1, ho])
P([X1,...,Xq] is a facet of Pp, )

P(Htyp € [h1, h2]) =

_ lipwho]
[EFIN

where

Iy, ho] =P([X1,...,Xq] is facet & its height is € [h1, ho])
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High Dimensional Random Polytopes

Typical height

Distribution assumption: uniform on the sphere.
Let [h1, o] < [-1,1].

P([X1,...,Xq] is facet & its height is € [hy1, ho])

P(H, hy1,ho]) =
(Fhyp € [h1, h2]) P([X1,...,Xq] is a facet of Pp, )

_ lipwho]
BT

where

by o) =P([X1,...,Xq] is facet & its height is € [h1, ho])

‘Toolbox from integral geometry‘

n—-d

hy 2_o4_ h _
:fh a(l-mE (C2f1(1—52)%ds) dh.
X _

Dr. G. Bonnet
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High Dimensional Random Polytopes Dr. G. Bonnet

Typical height

Theorem (B., O’Reilly, 2019+)

Distribution assumption: Uniform on the sphere.

@ (sub-exponential) If (Inn)/d — 0, then Hyyyp Eo8

o (exponential) If (Inn)/d — a, then Hyyp L vizew.

o (super-exponential) If (Inn)/d — oo, then Hiyp 21
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High Dimensional Random Polytopes

Typical height

Theorem (B., O’Reilly, 2019+)

Distribution assumption: Uniform on the sphere.

@ (sub-exponential) If (Inn)/d — 0, then Hyyyp Eo8

o If n—d=0(Vd), then dthp—%jn i>Z~=/V(0,1).
o IfVd<n-d<«d, d/2 r.
o Ifn~pd, then \/_pr r3(p).
o Iflnn<d<n, then | oy Hyp —— ra.
o (exponential) If Inn)/d — a, then thpﬂ 1—en?®

o (super-exponential) If (Inn)/d — oo, then Hiyp 21

o Iflnn>d, then ——|n(1 H2 ) rs.
e Iflnn>dInd, then rg 4 (1-H p)2—\/_—>Z 4(0,1).
o If "d is fixed”, then ncg(1- typ)T /N S

where rlz\/g, r2:%, r3:argmax(r—>(p—l)ln(D(r)—rz/Z), =v2, rg=2, rg= ﬁ
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High Dimensional Random Polytopes Dr. G. Bonnet
Interval containing the heights of all the facets

Hmin := min{height(F) | F € Facets(P,, 4)}
max{height(F) | F € Facets(Pp, 4)}

Hmax :
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Interval containing the heights of all the facets
Hmin := min{height(F) | F € Facets(P,, 4)}
Hmax := max{height(F) | F € Facets(Pp, 4)}
These random variables have a similar asymptotic as the typical height:

Theorem (B., O'Reilly, 2019+)

Distribution assumption: Uniform on the sphere.
For H € {Hmin, Htyp, Hmax}, we have

@ (sub-exponential) If (Inn)/d — 0, then H N}

o (exponential) If (Inn)/d — a, then HE vi—ea.
o (super-exponential) If (Inn)/d — oo, then H L)
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Interval containing the heights of all the facets
Hmin := min{height(F) | F € Facets(P,, 4)}
Hmax := max{height(F) | F € Facets(Pp, 4)}
These random variables have a similar asymptotic as the typical height:

Theorem (B., O'Reilly, 2019+)

Distribution assumption: Uniform on the sphere.
For H € {Hmin, Htyp, Hmax}, we have

@ (sub-exponential) If (Inn)/d — 0, then H N}

o Ifn-d<d, then \/EH—L—-»O.
e Ifn~pd, then P(r7(p) = VdH = rg(p)) — 1.
o IflInnkd<n, then ‘/In(;j/d)H 2 ry.
o (exponential) If (Inn)/d — &, then H L vicea

o (super-exponential) If (Inn)/d — oo, then H L)

d-1 2
o Iflnn>d, then =L 1n(1- H?) rs.
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High Dimensional Random Polytopes Dr. G. Bonnet

Three main regimes

Intuitive representations

Distribution Characteristic

@ Uniform on the sphere, @ Height of the facets,

ﬁ%

(a) sub-exponential regime (b) exponential regime (c) super-exponential regime
(Inn)/d—0. (Inn)/d—a. (Inn)/d — co.
Facets' heights = O(1/Vd). Facets' heights =~ v1-e~¢%. Facets' heights ~1.
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High Dimensional Random Polytopes Dr. G. Bonnet

Distance between P, 4 and B

Hausdorff distance Vs Volume ratio.

Distribution assumption: Uniform on the sphere

Hausdorff distance: Volume ratio:

dn(Pp,d» BY) =1~ Hinin EVy(Pn,q)
Vg(BY)
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High Dimensional Random Polytopes

Distance between P, 4 and B

Hausdorff distance Vs Volume ratio.

Distribution assumption: Uniform on the sphere

Hausdorff distance: Volume ratio:

dn(Pp,d» BY) =1~ Hinin EVy(Pn,q)

Vg(BY)

Corollary

dy(Pp.g,BY) —0< (Inn)/d — oo.

Dr. G. Bonnet
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High Dimensional Random Polytopes Dr. G. Bonnet

Distance between P, 4 and B

Hausdorff distance Vs Volume ratio.

Distribution assumption: Uniform on the sphere

Hausdorff distance: Volume ratio:
dp(Pn,d, BY) = 1= Hmin EVy(Pn,a)
Vg (B9)
Corollary A The volume of the ball BY is
dH(Pn,drBd) —0< (Inn)/d —oco. concentrated in a thin shell of

width of order %
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Threshold

Theorem: Volume Threshold 2007
Pivovarov

Distribution assumption: Uniform on the sphere/ball.
Fix €€ (0,1).
oy EVy(Phg) Jo  ifn=d@-9(9),
Then lim ————~ = p
d—co Vy(B9) 1 if n=d+e)(8),
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High Dimensional Random Polytopes Dr. G. Bonnet

Threshold

Theorem: Volume Threshold 2007
Pivovarov

Distribution assumption: Uniform on the sphere/ball.

Fix e€(0,1).
esi _ EVg(Ppq) {o if n<d(-6)(9),
Then —_— =

doso Vg(B9) |1 if nzd1+)(9).

density o< I(xe BY)(1-1xI?)P  if B>-1;

Beta distribution ... . o .
uniform distribution on the sphere if f=-1.

Theorem: Volume Threshold (Extension of Pivovarov’s result)

B., Chasapis, Grote, Temesvari, Turchi

Distribution assumption: Beta distribution. Fix €€ (0,1) and Let B=p5(d)=-1.
EVy(Ppg) O  if n<d(1-6)(F+3),

dmoo Vy(BY) |1 if n=d1+e)B+d),

Then

@® similar results for intrinsic volumes and for Gaussian distribution.
13/15
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Phase Transition

density o< I(xe BY)(1-1xI?)P  if B>-1;

Beta distribution ... . L .
uniform distribution on the sphere if f=-1.

Theorem: Phase transition for random polytopes in the unit sphere 2019+

B., Kabluchko, Turchi
Distribution assumption: Beta distribution. Let f=f(d)=-1.
d
)

If xeR is fixed and n=( , then

d
2x+o0(1)

: EVy(Pna)
m ———=¢
d—oo Vd(Bd)

In the same paper we show similar results for:
@ intrinsic volumes.
@ asymptotic for the number of vertices for the uniform distribution on the
ball.
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@ Threshold phenomena for high-dimensional random polytopes
G.B., G. Chasapis, J. Grote, D. Temesvari and N. Turchi
Communications in Comtemporary Mathematics, vol 21, no 5 (2019)

@ Phase transition for the volume of high-dimensional random polytopes
G.B., Z. Kabluchko and N. Turchi
arXiv:1911.12696

ﬁ Facets of spherical random polytopes
G.B. and E. O'Reilly
arXiv:1908.04033

Thank you!
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