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t = 30 000
R = t−2/3 ≃ 0.001



POISSON HYPERPLANE PROCESS (STATIONARY, ISOTROPIC, RESTRICTED)
1. Two parameters:


‣ Intensity ,

‣ Radius R >0.

t > 0



POISSON HYPERPLANE PROCESS (STATIONARY, ISOTROPIC, RESTRICTED)

2. Let  be a Poisson distributed random variable of parameter 


‣ , for any .

N ∼ Po(2tR) 2tR

ℙ(N = k) = e−2tR (2tR)k

k!
k ∈ ℕ0

1. Two parameters:

‣ Intensity ,

‣ Radius R >0.

t > 0



POISSON HYPERPLANE PROCESS (STATIONARY, ISOTROPIC, RESTRICTED)

2. Let  be a Poisson distributed random variable of parameter 


‣ , for any .

N ∼ Po(2tR) 2tR

ℙ(N = k) = e−2tR (2tR)k

k!
k ∈ ℕ0

1. Two parameters:

‣ Intensity ,

‣ Radius R >0.

t > 0

3. Construct  i.i.d. hyperplanes intersecting the ball  :

‣    i.i.d. unit vectors uniformly distributed on the unit sphere,

‣      i.i.d. random numbers uniformly distributed between  and ,

‣ .

N BR
U1, …, UN ∈ Sd−1

s1, …, sN ∈ [0,R] 0 R
Hi = {x ∈ ℝd : ⟨x, Ui⟩ = si}



POISSON HYPERPLANE PROCESS (STATIONARY, ISOTROPIC, RESTRICTED)

2. Let  be a Poisson distributed random variable of parameter 


‣ , for any .

N ∼ Po(2tR) 2tR

ℙ(N = k) = e−2tR (2tR)k

k!
k ∈ ℕ0

Construction of the hyperplane process ηt,R

1. Two parameters:

‣ Intensity ,

‣ Radius R >0.

t > 0

3. Construct  i.i.d. hyperplanes intersecting the ball  :

‣    i.i.d. unit vectors uniformly distributed on the unit sphere,

‣      i.i.d. random numbers uniformly distributed between  and ,

‣ .

N BR
U1, …, UN ∈ Sd−1

s1, …, sN ∈ [0,R] 0 R
Hi = {x ∈ ℝd : ⟨x, Ui⟩ = si}



POISSON HYPERPLANE PROCESS (STATIONARY, ISOTROPIC, RESTRICTED)

2. Let  be a Poisson distributed random variable of parameter 


‣ , for any .

N ∼ Po(2tR) 2tR

ℙ(N = k) = e−2tR (2tR)k

k!
k ∈ ℕ0

Construction of the hyperplane process ηt,R

1. Two parameters:

‣ Intensity ,

‣ Radius R >0.

t > 0

3. Construct  i.i.d. hyperplanes intersecting the ball  :

‣    i.i.d. unit vectors uniformly distributed on the unit sphere,

‣      i.i.d. random numbers uniformly distributed between  and ,

‣ .

N BR
U1, …, UN ∈ Sd−1

s1, …, sN ∈ [0,R] 0 R
Hi = {x ∈ ℝd : ⟨x, Ui⟩ = si}



POISSON HYPERPLANE PROCESS (STATIONARY, ISOTROPIC, RESTRICTED)

2. Let  be a Poisson distributed random variable of parameter 


‣ , for any .

N ∼ Po(2tR) 2tR

ℙ(N = k) = e−2tR (2tR)k

k!
k ∈ ℕ0

Construction of the hyperplane process ηt,R

1. Two parameters:

‣ Intensity ,

‣ Radius R >0.

t > 0

3. Construct  i.i.d. hyperplanes intersecting the ball  :

‣    i.i.d. unit vectors uniformly distributed on the unit sphere,

‣      i.i.d. random numbers uniformly distributed between  and ,

‣ .

N BR
U1, …, UN ∈ Sd−1

s1, …, sN ∈ [0,R] 0 R
Hi = {x ∈ ℝd : ⟨x, Ui⟩ = si}



POISSON HYPERPLANE PROCESS (STATIONARY, ISOTROPIC, RESTRICTED)

2. Let  be a Poisson distributed random variable of parameter 


‣ , for any .

N ∼ Po(2tR) 2tR

ℙ(N = k) = e−2tR (2tR)k

k!
k ∈ ℕ0

Construction of the hyperplane process ηt,R

1. Two parameters:

‣ Intensity ,

‣ Radius R >0.

t > 0

3. Construct  i.i.d. hyperplanes intersecting the ball  :

‣    i.i.d. unit vectors uniformly distributed on the unit sphere,

‣      i.i.d. random numbers uniformly distributed between  and ,

‣ .

N BR
U1, …, UN ∈ Sd−1

s1, …, sN ∈ [0,R] 0 R
Hi = {x ∈ ℝd : ⟨x, Ui⟩ = si}

4. They form the hyperplane process

‣ .ηt,R := {H1, …, HN}
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2nd option (potentially) : 
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INTENSITY MEASURE
The intensity measure  of the intersection process  is the measure on  defined by
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Illustration:

Beta polytopes and Poisson polyhedra: f-vectors and angles

Kabluchko, Thäle, Zaporozhets

Advances in Mathematics (2020)
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CONVEX HULL

For a set , we denote :

‣  its convex hull 


For a polytope  we denote :

‣  the number of its -dimensional faces, .

X ⊂ ℝd
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P ⊂ ℝd

fk(P) k k ∈ {0,…, d}
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COROLARRY (Convergence of the convex hull)
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COROLLARY (Disproval of a conjecture from [Devroye,Toussaint, J. Algorithms 1993] )

Assume that  and . Then


.

d = 2 R = t− d
d + 1

lim inf
t→∞

𝔼f0(conv Ξt,R) ≥ 𝔼f0(conv ζ) =
π2

2
> 4

With Fatou’s lemma and a result from [Kabluchko, Marynych, Temesvari and Thäle, PTRF 2019] we get



ZERO CELL OF A POISSON HYPERPLANE PROCESS

‣  : Zero cell of a stationary and isotropic Poisson hyperplane process of intensity,

‣  its dual.

Zγ
Z∘

γ = {x ∈ ℝd : ⟨x, y⟩ ≤ 1 for all y ∈ Zγ}

Cd :=
1

d! (ωd)d ∫[−1,1]d ∫((Sd−1∩e⊥
d )d

[u1 + z1ed, …, ud + zded]σ⊗d
d−2(d(u1, …, ud)) d(z1, …, zd) .



ZERO CELL OF A POISSON HYPERPLANE PROCESS

COROLARRY (Convergence of the convex hull to the polar of the zero cell)
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1
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) t → ∞

‣  : Zero cell of a stationary and isotropic Poisson hyperplane process of intensity,

‣  its dual.

Zγ
Z∘

γ = {x ∈ ℝd : ⟨x, y⟩ ≤ 1 for all y ∈ Zγ}

Cd :=
1

d! (ωd)d ∫[−1,1]d ∫((Sd−1∩e⊥
d )d

[u1 + z1ed, …, ud + zded]σ⊗d
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