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POISSON HYPERPLANE PROCESS (STATIONARY, ISOTROPIC, RESTRICTED)

1. Two parameters:

" Intensity t > 0,
" Radius R >0.
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POISSON HYPERPLANE PROCESS (STATIONARY, ISOTROPIC, RESTRICTED)

1. Two parameters:
" Intensity t > 0,
" Radius R >0.

2. Let N ~ Po(2tR) be a Poisson distributed random variable of parameter 2¢R

2tR)*
» P(N=k) = e‘ztR(k—’), forany k € N,,.

3. Construct Ni.i.d. hyperpl;anes intersecting the ball By :
" Up,...,Uy € S4=1 ii.d. unit vectors uniformly distributed on the unit sphere,

" S, ..., 5y € [O,R] i.i.d. random numbers uniformly distributed between 0 and R,
* H = {xeRY: (x,U) =s,}.
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;/]Z‘,R = {Hl’ ,HN}
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INTERSECTION PROCESS

Letn, g := {H}, ..., Hy} as defined earlier.
We now consider the corresponding intersection points :
Er={H;,N--NH 1<i < <iy <N}
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INTERSECTION PROCESS

Let#, p := {H}, ..., Hy} as defined earlier.
We now consider the corresponding intersection points :
E‘Z,Rz {Hllﬂ e ﬂHZd 1 S ll < e < ldSN}.

Is it possible to set the parameters 7 and R such that E, ;

converges (in distribution) to some point process ?

1st option (almost trivial) : 2nd option (potentially) :
> t = 1 constant, "t —> 00,
" R - o0. * R=R() — 0.

Then Mg — M and Eir ™ Bl
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L g(S) = E(E (5)).
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INTENSITY MEASURE

The intensity measure L, ; of the intersection process =, 1, is the measure on R4 defined by
L, g(S) = B(E, &(S)).

forany S € B(R?). Let f, » be its density.

The proof relies on the Integral Geometry toolbox.
s d
L, (S) = —'J 1Hn...NnH; €S) Hl(Hl- N By # D) ﬂfi"i(d(Hl, ....,H)),  (multivariate Mecke)
d! dA(d,d—l)d i=1
5

= J —[ (H,,....,H,lp; (d(H,,...,H,))dx, (Blaschke Petkanschin)
sd! (A(x,d—1)N[Bg1)¢



INTENSITY MEASURE

The intensity measure L, ; of the intersection process =, 1, is the measure on R4 defined by
(r(S) = E(E, g(5)),

forany S € B(R?). Let f, » be its density.

The proof relies on the Integral Geometry toolbox.

s
(R(S) = — 1Hn...NnH; €S) HI(H N Br # &) ,u®d(d(H1, o HY)), multivariate Mecke

d! A(d,d—1)

l‘d

=1

—_— X .
= X aschke Petkanschin
——
1>« 2541 g—1 1> =44 ’
S % J(AMx,d-1)N[BE))4
’ R
7 8 ® 10
Lemma 33. Letd > 2, k€ {0,....d — 2}, a > k+ 1. Consider the function Jy 1 o  A(d,k) x [0, 0¢) = [0,0¢) defined 10 1~ and containing the point ;. It makes clear thatsuch a hyperplane interscets the ball B if and only if the scalar x[ /1,“.,;“,’;1 N /lfyfu.’,,nyd-nt ]' ‘Putting thes i i depend only on d and k, we.
by product (u, ) is between — R and R. Therefore, = can take these error terms out of!h:m':gn.l of investigation, which gives
k) ;
. oG A ) A 1) -
TanoE.B)= [ e Hani )P @ H ) o1 02060 o,
A a-nisger o R v = ‘5.,,nsﬂ.,knl(|(""zﬂ)‘Sﬂ)[“"""""’*] amit (A ims)- In the next step we applyforcach € (.., — K} thelinear substituton = = fy‘ which have the effect of bringing JEo+or, R)= ( = [ct2.. +0( )]
o the i d of the outer integral back to th ibe [~1,1]4-%, .
Then, if we denote by s the distance between the origin and a flat E & A(d. k), we have that @4 el o ‘where the constants involved in bounding the big O term depend now on a (and also d and k as before), and C{?), , is
1. the value Jy . o(E, R) is a function of the ratio R/s g, At this point, we split the proof by considering whether sz < R (easy part) or sz > R (more intricate part). HEytzpR) = ( R )H ‘Iif(l _ 712)L‘_2 the constant, which depends only on d — k and a and is defined by )
2. and CEE ) e 3V T ((stnEpngys .
An Ryd-kia R Case where si; < R Thanks to the Cauchy inequali that, in this case, itions in the indicator - CPyai= —;—;/ /’ [u,‘+z‘2_zw”u&4+u_kx_e]
oo o JuralBR)=1{1< Risg} C + 102 Rpse} (1) [0, +0(5)]s functions in (3.4) are always satisfied and therefore <[ ( Rz. LR zg Rza.k)’u,‘ o P o]’ @a ) i Jse-rampnagyi-e e o D)
s . z L1 () o Tt
Sty L T - = "E o x 0547 (@ ) s 2ak).
where the constants C, . i = 1,2, depend only on the dimension difference d — k and a, and the constant (B 25, R) = 05w (s_,,nw,,k["hm"‘dfkl ok (@ i) (5) x Sl ';’(d(u,, L k))d(z., k) i
involved in bounding the big O term depends only on d, k and a. - i ‘This concludes the proof. o
o (@) . ) The later expression is a constant which depends only on a and d — k, and therefore the lemma is proved for the case to xx and we can'-kwn of the
Remark3.4. e, proof below by G5)ad where sp < 7 .,wmcthpemmﬁvnlale:chlennz.-ﬁ Tin i the (d — i 'vnl\nmal 4. Convergence of the intensity measure
ively. parallelotope (spanned by the vectors y/T— (Rzi/s£)2u, + (R
i - o § . Case where s> R: Now ion formula (2, Corollary A.5] to the istransformed lincarly by a map which reduces 0 2 homothety of ratio ,E/n on the line spm(.’rg) and the identity on 4.1, Pointwise convergence of the density finction

Proof. In this proof k . Jaka J instead. fine I, € (d — k — 1)-dimensional unit sphere s-‘ 1 ﬂE* of the space F- into integrals over the (d — k — 2)-dimensional slices the complementary subspace . This gives the equality
G(d, k) and 2; € E to be, respectively, the k-d; to Eand projection of obtained by cutting that sphere by hyperplanes parallel to 7. In this set-up, the slice integration formula can be written

the origin onto E. In particular £ = E, + 2 and quu -

Let § € S04 be an arbitrary rotation and o > 0. By considering the substitutions 7, = afHi, i € {1,....,d — K}, we
sce that J(E, + a1, R) = J(OE, + afiz ;. .R). In partcular, by taking = 57" = 55 we see thatthe frst. claim of the
Jlemma holds.

.
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‘We start with a lemma dealing with the convergence of the density function f;  of Ly z.

Lemma 4.1, The density [, . of the intensity measure L, i, with respect to the Lebesgue measure on R\ {0}, satisfies

(v, Yol .
The rest of the proof is dedicated to show the second claim. First, we represent the affine hyperplanes Hi, i € x[,/l— —’) uﬂ-z;f—s, . /1—( “‘ ") ua.ﬁn*?] N ) ‘E‘z‘ {2l > & R o o & a1
{1,y = k}. as sums L; + g, where the Ly's are the linear hypemlmu p:ullel © uu Hy's. Note that through for any non-negative measurable function f: S4-1 N EX — R. lterating this formula over the (d — k)-fold integral in o8 = e = Jon(@) = 1{lle] < B} ="+ 1{lz] > )(IIzH) a (—Mz)]v @
by (L, is invar (34, we get X oGS Ay )z, Za).
translations of its components. Also we recall that, bvddimnowd.,(dﬁ) [ ',(ﬂL:) W=sﬂ I the fnal part of this proof we il et and subspace dete bove by dependent where the constanis CY), i € {1,2}, are the in L 3.3 applied with da=1. Inparticular,
1 » o of this proof we will approximate pace determinant above by terms independent i sl
J(Eo + 28, R) = ——o H(lfy’) from R and s, and bound the approximation error n terms of the ratio 2. This will eventually allow us to conclude the if R="71, it follows immediately that for any fixed z € R\ {0},
18y B (=) (wak) 5 iy gger (54-1nEz nsgyes
J(E, + a5, R) HI{L‘uEe BRI} Ls,- o Laa* (v2,) (L1, Lai))- : I proof. lim fun(z) = Ca =4+,
(G(Fe =Dy it & i = all belong [~1,1], we have that Jim fen(e) = G270,
(33) <[t {|< 1 w‘f,zg)‘ < R} close o 1 as long as the ratio 2 is small enough. More precisely one can check that i
Next, we parametrise the hyperplanes L; by their unit orthonormal vectors us. By duality these vectors belong to B . e s ea
| , R e R 1
Tndeed, for any of the u;’s, the corresponding orthogonal hyperplanes u = L, contain E,. More precisely, we use the x [\/1 -yt 4 2 L _E - Cai= = s+ 216, i+ zaea 07 (Aun, o) Az 7). 42)
e [Vioster it e-5+) of%). EL B Jrtto st a

@)
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which holds for any 12 G(Eod—1)
ness of the Haar measure on G (. d — 1) similarly to (2.2). llennng this formula over the (d — k) -fold integral in (3.3)
and using the fact that

(U gy = [y, ua],

% 0T ) Ao vis)-

‘We will now simplify the condition in the indicator functions. Using that, for any i € {1,...,d — k}, the vectors ; and
a: are orthogonal, we see that

(Vi-viu +uiE ve) = (wit ze)

and thus we get the simplification

here the constant in the big O term is a bounded positive number depending only on d and k.
‘Similarly as above we have that, for z, € (1,1,

(B2 o o(B.

e
In particular, for any given u}’s and 2 the subspace determinant in the last muml tends to [u, e
] asthe ratio 2 goes o 0. We still

Tt

‘Proof. Applying the Blaschke-Petkantschin formula (2.1) to the integral representation (24) of the intensity measure we.
get, for any Borel set B C R\ {0},

L= [ 5 [ iy 2 QU o, Hoi, 3
(A a-unisi)

and therefore the density function J, c of L j is given by

“
- 24 )= " Hy, oo Hapiy (A(Hy, o, He)), o €RO{0)
et NIV RN WO 1) D= [ ol 00 1) \o)
. plrus )| Ry = L wl= o that the (subspace) determinant is a locally Lipschitz function and that cach of the involved veetors ) ’ )
J(E, +2p,R) W/S‘ . Hl(uluge B4} 1o wai 0§47 (A ). 22 belong to the bounded cylinder (S~ 1 ) M1aE) + [-1,1] 2. Therefore, Applying Lemma 3.3 with 7= {ir}, = 1 and k= 0 yields the esult B

Now, we will sinplify the indicator functions. For this we obscrve that a hyperplane of the form ut + 25 can be
written as ™ + (u, z)u. Indeed, these two expressions represent the same hyperplane characterised by being parallel

Since we are in the case where sz > R, we have that the interval [~ 22, 2] lx:nlbscluf[ —1,1] and therefore we can
pass the lately discussed conditions into the domain of the outer integral as follows:

1 ok k3
J(E,ns,n):W/[ N | (B )‘—a—‘/
- =]

£& (stinE 0z

[y

a2t 2] o).

Tt B
1= () bz k2
o5 s

4.2. Convergence in total variation of the (restricted) intensity measure

Recall that L,  is the intensity measure of the intersection point process =, where R = =77 and M is the intensity
‘measure of the limiting Poisson point process ¢ which has density Cy||z||~(**), where C, is the constant defined in
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Let M be the measure on R%\ {0} with density c2||x||_(d+1).
We consider the total variation distance between the restricted L’f’R|(B . and M, ). . This is defined by

dry(Ly g,y o Mis ) = SUP{ | L g(A) — M(A)| - A C (B,)}.
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INTENSITY MEASURE

Let M be the measure on RY\ {0} with density ¢, ||x|| =,

We consider the total variation distance between the restricted L,

dry(Ly,

Ri(p and M, ). . This is defined by

Ry )’ Mg ) = sup{ | L, g(A) — M(A)| : A C (B,)"}.

Candidate:
Let ¢ be the Poisson point process on R4\ {0} with intensity measure M.

lllustration:
Beta polytopes and Poisson polyhedra: -vectors and angles
Kabluchko, Thale, Zaporozhets

Advances in Mathematics (2020)



DISTANCES BETWEEN SIMPLE POINT PROCESSES

Simple point process = random discrete subset of R
Total variation distance between discrete sets subsets S}, 5, C R?:
dTV(Sl’ Sz) — maX(#(Sl\Sz), #(SZ\SI)) .

Remark : This is the total variation distance between the counting measures of S, and ..

Kantorovich-Rubinstein distance between random discrete subsets X; and X, C R?:

(Y,.Y5)eX(X,,X,)

where 2(X;, X,) denotes the set of couplings of X;and X,.
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DISTANCES BETWEEN SIMPLE POINT PROCESSES

Simple point process = random discrete subset of R

Total variation distance between discrete sets subsets S}, 5, C R?:
dTV(Sl’ Sz) = maX(#(Sl\Sz), #(SZ\SI)) .

Remark : This is the total variation distance between the counting measures of §; and ..

Kantorovich-Rubinstein distance between random discrete subsets X; and X, C R*:

(Y.Y5)eX(X,X,)

where 2(X;, X,) denotes the set of couplings of X;and X,.

Recall : ¢ is the Poisson point process on R%\ {0} whose intensity measure M has density x > ¢, ||x|| =+ .

As a corollary, we get :

The convergence in distribution means here that &, z(B) e {(B) for all Borel sets B ¢ R%\ {0}, relatively
compact (in the space R4\ {0}) and with boundary of zero Lebesgue measure.



IDEA OF THE PROOF

By Theorem 3.1 of [Decreusefond, Schulte, Thale, Ann. Probab. 2016], we bound the K-R distance
2d+1

ARE R, g 1 S1(B)e) S Ayl gy o My ) +—=0 (),

where p, p(r) = max [, p(r), with
’ 1<t<d-1 77

2
L, g(r) = J 17 <r” J L(I1H; N ..o nHyll > r) u29(d(Hy, ...,Hd))> u® (d(Hy, ..., Hp)),
(B, (B,

and where [B.] = {H € A(d,d—1): HN B, # 0}.
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IDEA OF THE PROOF

By Theorem 3.1 of [Decreusefond, Schulte, Thale, Ann. Probab. 2016], we bound the K-R distance

dKR(E‘t,Rl( B &8 < dpy(L,

where p, p(r) = max [, x(r), with
1<¢<d-1

If,t,R(r ) =
[B,]¢

o Baad |H,

[B,]4=*

Ry (B

NHy|l = r

and where [B.] = {H € A(d,d—-1): HN B, # 0}

We have already seen that dpv/(L,

Ry

__2d_ _
Ml(Br)C) S Ct d+1p 3

It remains to deal with the integrals integrals I, z(7).

If’t,R(F) — ie. = ..

Mg+

®d-¢

2d+1

IDt,R(r)I

(d(H,,, ..., H,))

1
== ...=...<...=...<..=..<Ct@=In()r

(d(Hl, ... Hp)),

2

Theorem 5.1. Assume that 0 < R=t~4/*1) < 1 < 1. Then, we have that

dn(Er L (B ,CL(BY) < CEO T (0,
where C is a positive constant which depends only on d. In particular

i

R (B),CL (B

5.1
Proof. Theorem 3.1 of [7] applied to our setting says that
i % ) ) 2
dicn(Zer L (BY),CL(B))) S drv(LeaL (BY), ML (BY)) + —gpur(r),

where pr,(r) is defined (and bounded) in the Lemma 5.2 below. Corollary 4.2 and Lemma 5.2 provide bounds for each
of the two summands of the right hand side, and thus we get the bound

dicn (S, n L (B2 CL(BI)) < O3y 4 Com In(t)r

from which Theorem 5.1 follows. Note that the assumptions ¢~%/(¢*) < r of Corollary 4.2 and ¢ > 1 of Lemma 5.2 are
both satisfied. Therefore the proof is complete. o

In the next lemma we deal with the error term py,r, which appeared in (5.1) in the proof of the previous theorem.
Lemma §2. Ford>2,1>0,1>0,and R >0, set
purlr)i= | max Lir(r), 62

where Iy, (r) denotes the integral

tantey= [ (z

Then, for R=1"7% and t > 1, we have that

prl(r) €CETT ()2,
where C is a positive constant depending only on d.
Proof. Let£€ {1,....d~ 1} and r > 0 be fixed. We want to show that I, ¢ 7 (r) tends (0.0, as ¢ — 0o and R =t~ 77 —

0. The constant C' appearing below depends on d and ¢, and is independent of everything else. Its specific value varies
from line to line and is irrelevant for the proof.

First part of the proof: Make use of Lemma 3.3. In this first part we use integral geometric formulas in order o rewrite
the integral I; , (r) in term of integrals studied in Lemma 3.3,

A{d.£) (resp. F € A(d,d — £)) denote the intersection of the affine hyperplanes involved in the inner (resp.
outer) integral, that is

E

Hen-nHy and  F

Hyn-0H,

Applying twice the Blaschke-Petkantschin formula (2.1) permits us to rewrite our integral by “pivoting” the hyperplanes
s around £ and F. T gives that I, n(r) equa

weef ([ / LIENF) 25}
'A(d.d~8) J(A(F.d-1)n[BE)* A(d8) J(A(E.d-1)n[ B¢

X [Hewrooo, Ha ™l )@ e, Ha) e (4B

 (Hee BN )2 @ g o(GF).

> .m))) (s H).
(A

3

Note that we also took out of the integral the factors ¢ and ¢, We will now make more apparent the structure of this
expression by using the following notation, which is similar to the one used in Lemma 3.3:

-/ Hi 1o Hal )00 1o, ),
Ep—

and

J(F) Hy)),

|/ iy B )2 a0,
—

‘With this notation and using Fubini’s theorem the investigated integral takes the form

.
o f un( [ waeari> r)J(E)w(dE)> h4-4ldF).
aio” " uan

Lemma 3.3 gives us precise approximations of J(F, R) and J(E, R) in terms of the distances between the origin and the
flats F and , respectively. In order t0 have a hand on these distances we decompose the affine flat I € A(d,£) (resp.

F & A(d,d £)) into a sum of a linear flat E, € G(d, £) (xesp. F, € G(d,d — £)) and a translation vector z; € E- (resp.

25 € F,1) in the orthogonal complement of that flat. The aforementioned distances are simply the Euclidean norms of
the vectors x5 and . The quantity of interest thus becomes

2t E EJ o+ i >r)
‘ /W,n/m"(F"”’)</mu/z,“”‘E” BN (E, +20)] > 1)

2
x J(E..H:;)du;w(dm)) g va-o(dF,).

Itis easy to see that J(E) = CI {|lzs]| < R} if ¢ =d — Land J(F) =
use Lemma 3.3 which provides us for £ > 2 with

CL{|lor || < R} i €=

For the other cases we.

QCINTE)

IE) =1 {Jasll < BYCEy i + 1 (he) > B ool

a
H:':H)
and for £ < d —2 with

m

JE) =1 {llerl < RYCEL 1+ 1 {lor] 2 R} (HZFH [cfden+ ”(uxruz)]

Here, we only need to consider upper bounds, so we will keep from these two approximations the following statements
which hold forall £ € {1,...,d — 1}

1 e
JE) < Cunin(1,254) g () <Ouing HH)
=

flesll

where C is some large enough constant depending only on d and £. Plugging these bounds in the integral above yields

.
Teon(r) < CE2-C / min(1, 7) K2dzpv, (dF,), 3
.-t [

where

= K(d,t, P zp.r)

) ) oo
g o 1020 0 B 2 min

Lden(dE).

n

Second part of the proof: Bound K. We will now focus on bounding the newly introduced term K. One difficulty in
estimating this term comes from the fact that it is hard to get a good hand on the norm of the intersection of the affine flats
(E, +x:) and (F, + z). In order to overcome this problem, we wil reduce it (o intersections involving one linear flat
and one affine flat. As we will see, the norm of such intersections are much more easily handled. Observe that the origin
and the points £, 1 (F, + zr), (E, +zx) N F, and (E, + ) 0 (F, + z¢) are the vertices of a parallelogram. Thus
we have that

(Eo25) 0 (Fo + 2p) = (Eo N (Fo + 2r)) + ((Eo + 25) N Fo).
Therefore, using the triangle inequality and the fact that if a sum of two posiive real numbers is bigger than - then at

least one of the two is bigger than /2, we obtain the following bound of the indicator function which appears in the term.
K

L{(E, +26)0 (Fy b ap)l 2} <L{IEN By +2p)] 2 5} 1{I(B 4 2m) N Fo > §

“Thus we have that K < K + K3, where
B e
= Ki(d,6, Foyzr,7) B0 (Fo + 2, min(1, )" dzg m(dE,),
dwtBonny [ [ (1B 2> g bin1, ) desaan
d
, -
Ky = Ky(d. £ Fy.r):= (Eo +2) N Fy|| > 5 pmin(1, —— dzgve(dE,).
2= Kl 1= [ Joy 0 ) R 2 S min (1 ) e

Letus consider K. By using spherical coordinates in the (d — ¢)-dimensional space ;- and then Fubini’s theorem, we
getthat K, = Ky, K o, with

Kiy=Kus(d, Foyar,r) :Lm {150 (F+2n)| > pas)

Kya=Kyald ) = c/: wmin(1, g)d"xd"*m.

‘The integral K1 is the probability that the random linear space E, intersects the fixed flat F, + 2 at a distance from
the origin greater than r/2. Such a probability is estimated in Lemma 3.1, from which we get that

Kia<Cmin(1, ':”)

We evaluate also the integral K 5, namely

R,

" -
zms/ y‘*"'w,zd”/ Ry ds =
o '

Note that for the last equality (0 hold one needs that both exponents d — £ — 1 and —£ 2 are distinct from —1. This is
insured by the condition 1 < £ < d 1. Putting the pieces together we get the bound

mgc.mn( "“)R‘ e (5.4)
Next, we deal with K and recall that

Ka= Ka(F,) :LM /H 1{I(E + ) Fo > § fmin(1 I\iu)m g ().

m this mlegral e consder he nkrsetion o e inar space F, € G(d,d ) witha moving affin spce E, + 5.
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one is moving are interchanged. As above we will use Lemma 3.1 to bound this integral, but first we need to rewrite it

in a more convenient form. Using spherical coordinates in the (d — )-dimensional space £, Fubini’s theorem and
“parametrising’ the space {E, + sug | E, € G(d,£), ug € $~' 1 E; } by SO we can rewrite the integral as

R
K, c/ / HDE nE| > }v(dﬁ) mm(L:)
where E, denotes an arbitrarly chosen {-dimensional flat at distance s from the origin, s > 0. The inner integral is the

probability that a random flat 0, and a fixed lincar space F, have their intersection point with a norm at least /2.
Lemma 3.1 tells us that, for a fixed . this is of order at most min(1, 5/r). Therefore

K;SC‘/nxmin(l.g)d”xmu( )t

Recall that R =t~ 77 by assumption. Thus, without loss of generality, we may assume that ¢ is large enough to ensure
that R < 7, and therefore

s [ S [0
(R " "

‘The two first integrals give a term of order R%~**r" and the third a term of order R**!7—

1. Since R < r this yields

Ko< (,m - 53
Combining the bounds (5.4) and (5.5) for the terms K, and K, we finally get
K=Ki+K<C (mm( Leely e R‘%"’)
Third (and final) part of the proof. 'We now plug the last bound into (5.3) to conclude that
lun(r)SCt“”/ L(E,)va-e(dF,), .6)
oo

where

L(F) ':/,., mu\(l,ﬁ)d” (mm(l llze] “)R‘ ‘ Q)zlh‘r

‘We use spherical coordinates in the £-dimensional subspace F.* 1o see that

£ =C i f‘)“'(mm( Hricts “""“)‘sl—m,

Recall that without loss of generality R < r. We split the integral into three parts:

L) c(/” l"‘( S paeey, B ) s tds
R'““)za’*‘ds
+/"(§)‘-,(Rd—l+ a-tit I:"‘d.-)

Since R < min(1,r) we use the inequalities

Ri-th pa-ti
—— =<2

gn" £4 for s € [0,R),

1
. Ri-t1 it
—R""+ S — for s € [R,v]
Ri-ts1
Ry —— <2R* for s € [r,00),
0 get the bound
R pa-2s2 - g2t -
L(E)sc( L ‘da+/ & ‘ "da+/ R ’d.q)
o T T g
Note that each of the monomials s/, s*~% and s~ is distinct from s~ *, except for s~ % if £ = d — 1. In order to

aveiddisinguishing cases we will e he bound
/ s %ds <CR ' In(RY)
®
which is valid for all € € {1,....,d  1}. Thus, we get
L(F) € C(R¥-652-2 4 R4-6521n(p-ty- 4 R-2410-dm1)
OB (2 iR 4 R e
<CRM-O(R

‘We notice that this bound is independent from ;. so when we plug it into (5.6) we can ignore the integral over Fy. Also
recall that R = ¢~ 77 This gives
Teon(r) < CEHRHA 2 (R )2
= Oy )2
R

=Ct ()2,

Fort>1and £€ {1,....d~ 1}, the last quantity is maximised for £ = 1. This proves Lemma 5.2. o
5.2. Comvergence in distribution of the intersection process

Using Theorem 5.1 we are now in a pnsnuon o state our main theorem. We prove that under the assumption that R =
77 the intersection point pr s comerge in disbutio 10 a Poison it poces with povier law desity
functon in B9\ {0). To explain the metaing of his convergence we supply the space N of counting m

R?\ {0} with the vague topology induced by the mappings st > [ fdy, where f Rd \ {0} = R isa nnnrnegallve
continuous function with compact support. With this topology N becomes a Polish space and convergence in distribution.
of point processes refers o weak convergence induced by the vague topology, see [23, Chapter 16 and Appendix A2]
‘Since all point processes we deal with are simple (that is, have no multiple points or atoms) the convergence &, - € of a
sequence of (simple) point processes & to a simple point process € is equivalent o the convergenee in distribution of the
real-valued random variables &, () 10 €(B) for all relatively compact sets B C R\ {0} satisfying £(5) = 0, where
we write 013 for the boundary of B see [23, Theorem 16.16].

Theorem 5.3. Let R =t~ 7' and C be a Poisson point process in 9\ {0} whose intensity measure has density function
. where C. is the same as in the previous section and given by (4.2). Then, we have that

oy
Rl =

in &\ {0},

Proof. Theorem 16.16 of [23] implies that i the following lit of statements, (1) is equivalent to (2) and (3)is equivalent
© @)



CONVEX HULL

For a set X C R% we denote :
" conv X its convex hull
For a polytope P C R? we denote :

" f,(P) the number of its k-dimensional faces, k € {0,...,d}.
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CONVEX HULL

For a set X C R% we denote :
" conv X its convex hull
For a polytope P C R? we denote :

" f,(P) the number of its k-dimensional faces, k € {0,...,d}.

With Fatou’s lemma and a result from [Kabluchko, Marynych, Temesvari and Thale, PTRF 2019] we get




ZERO CELL OF A POISSON HYPERPLANE PROCESS

" Z,: Zero cell of a stationary and isotropic Poisson hyperplane process of intensity,

> o __ d. M
Z,={xeR: (x,y) < Iforally € Z} its dual.
1

C, ;=ﬁ[ [ lul +zled,...,ud+zded]0gi‘é(d(ul,...,ud))d(zl,...,zd).
N I 1y ((S4-1ned)d




ZERO CELL OF A POISSON HYPERPLANE PROCESS

" Z,: Zero cell of a stationary and isotropic Poisson hyperplane process of intensity,

> o __ d . M
Z,={xeR: (x,y) < Iforally € Z} its dual.
1
T A ()

J J' [ul +Z1€d, ,I/ld+ Zded] Gﬁ‘é(d(ul, ,l/ld)) d(Zl, ,Zd) .
[—1,114 J((S9-1net)d
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