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POISSON HYPERPLANE PROCESS (STATIONARY, ISOTROPIC, RESTRICTED)

1. Two parameters:

" Intensity t > 0,
" Radius R >0.
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1. Two parameters:
" Intensity t > 0,
" Radius R >0.

2. Let N ~ Po(2tR) be a Poisson distributed random variable of parameter 2¢R

2tR)*
» P(N=k) = e‘ztR(k—’), forany k € N,,.

3. Construct Ni.i.d. hyperpl;anes intersecting the ball By :
" Up,...,Uy € S4=1 ii.d. unit vectors uniformly distributed on the unit sphere,

" S, ..., 5y € [O,R] i.i.d. random numbers uniformly distributed between 0 and R,
* H = {xeRY: (x,U) =s,}.
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INTERSECTION PROCESS

Letn, g := {H}, ..., Hy} as defined earlier.
We now consider the corresponding intersection points :
Er={H;,N--NH 1<i < <iy <N}
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INTERSECTION PROCESS

Let#, p := {H}, ..., Hy} as defined earlier.
We now consider the corresponding intersection points :
E‘Z,Rz {Hllﬂ e ﬂHZd 1 S ll < e < ldSN}.

Is it possible to set the parameters 7 and R such that E, ;

converges (in distribution) to some point process ?

1st option (almost trivial) : 2nd option (potentially) :
> t = 1 constant, "t —> 00,
" R - o0. * R=R() — 0.

Then Mg — M and Eir ™ Bl



INTENSITY MEASURE

The intensity measure L,  of the intersection process =, ; is the measure on R defined by

Lt,R(S) - [E(Et,R(S)):
forany S € B(RY).
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The intensity measure L, , of the intersection process E, ; is the measure on R defined by

L, g(S) = E(E, z(5)),
forany S € B(RY).

In our paper with use tools from Integral Geometry. For instance, the multivariate Mecke formula gives
d d
[
L, x(S) = EJ 1H,n...nH;e8) [[1H,nB, # @) u®id(H,. ... Hy),
A(d,d—1yd

) i=1

forany S € B(RY).
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Let M be the measure on RY\ {0} with density ¢, ||x||~“.
We consider the total variation distance between the restricted L,

dry(Ly,

Ris and M| . - This is defined by

R Misy) = Sup{I Lp(4) = MA)| 1 A C (B,)°}.
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INTENSITY MEASURE

Let M be the measure on RY\ {0} with density ¢, ||x||~“.
We consider the total variation distance between the restricted L,

dry(Ly,

Ris ¢ and M| . - This is defined by

R Misy) = Sup{I Lp(4) = MA)| 1 A C (B,)°}.

Candidate:
Let ¢ be the Poisson point process on R4\ {0} with intensity measure M.



DISTANCES BETWEEN SIMPLE POINT PROCESSES

Simple point process = random discrete subset of R
Total variation distance between discrete sets subsets S}, 5, C R?:
dTV(Sl’ Sz) — maX(#(Sl\Sz), #(SZ\SI)) .

Remark : This is the total variation distance between the counting measures of §; and S,.

Kantorovich-Rubinstein distance between random discrete subsets X; and X, C R?:

(Y,.Y,)ex(X,X,)

where 2(X;, X,) denotes the set of couplings of X;and X,.
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DISTANCES BETWEEN SIMPLE POINT PROCESSES

Simple point process = random discrete subset of R

Total variation distance between discrete sets subsets S}, 5, C R?:
dTV(Sl’ Sz) — maX(#(Sl\Sz), #(SZ\SI)) .

Remark : This is the total variation distance between the counting measures of §; and ..

Kantorovich-Rubinstein distance between random discrete subsets X; and X, C R*:

(Y,Y5)eX(X,X,)

where 2(X;, X,) denotes the set of couplings of X;and X,.

Recall : ¢ is the Poisson point process on R%\ {0} whose intensity measure M has density x > ¢, ||x|| =+ .

As a corollary, we get :

The convergence in distribution means here that &, z(B) e {(B) for all Borel sets B ¢ R%\ {0}, relatively
compact (in the space R4\ {0}) and with boundary of zero Lebesgue measure.



IDEA OF THE PROOF

By Theorem 3.1 of [Decreusefond, Schulte, Thale, Ann. Probab. 2016], we bound the K-R distance
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By Theorem 3.1 of [Decreusefond, Schulte, Thale, Ann. Probab. 2016], we bound the K-R distance
2d+1

ARE R, g 1 S1(B)e) S Ayl gy o My ) +—=0 (),

where p, p(r) = max [, p(r), with
’ 1<t<d-1 77

2
L, g(r) = J 17 <t” J L(I1H; N ..o nHyll > r) u29(d(Hy, ...,Hd))> u® (d(Hy, ..., Hp)),
(B, (B,

and where [B.] = {H € A(d,d—1): HN B, # 0}.

We have already seen that dv(L; M) < Cratr3.

NGAL
It remains to deal with the integrals integrals I, , x(7).

1
Ln=.=.=.=.=.=.<.=.<..=.<Co x> H



CONVEX HULL

For a set X C R% we denote :
" conv X its convex hull
For a polytope P C R? we denote :

" f,(P) the number of its k-dimensional faces, k € {0,...,d}.
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CONVEX HULL

For a set X C R% we denote :
" conv X its convex hull
For a polytope P C R? we denote :

" f,(P) the number of its k-dimensional faces, k € {0,...,d}.

With Fatou’s lemma and a result from [Kabluchko, Marynych, Temesvari and Thale, PTRF 2019] we get




ZERO CELL OF A POISSON HYPERPLANE PROCESS

" Z,: Zero cell of a stationary and isotropic Poisson hyperplane process of intensity,

> o __ d. M
Z,={xeR: (x,y) < Iforally € Z} its dual.
1

C, ;=ﬁ[ [ lul +zled,...,ud+zded]0gi‘é(d(ul,...,ud))d(zl,...,zd).
N I 1y ((S4-1ned)d




ZERO CELL OF A POISSON HYPERPLANE PROCESS

" Z,: Zero cell of a stationary and isotropic Poisson hyperplane process of intensity,

> o __ d . M
Z,={xeR: (x,y) < Iforally € Z} its dual.
1
T A ()

J J' [ul +Z1€d, ,I/ld+ Zded] Gﬁ‘é(d(ul, ,l/ld)) d(Zl, ,Zd) .
[—1,114 J((S9-1net)d
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