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What is Probability?



What is probability?...Bertrand’s paradox

(a) Joseph Bertrand
(1822-1900)

(b) Calcul des
probabilités (1889)

“Consider an equilateral triangle inscribed

in a circle. Suppose a chord of the circle is

chosen at random. What is the probability

that the chord is longer than a side of the

triangle?”

Please answer: pollev.com/proba

(d) For those who can read one of the most beautiful languages in the world.
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What is probability?...Bertrand’s paradox

Figure: 3 answers!

2 random points on the

circle.

Probability = 1/3

1 random angle and 1

random distance to the

center.

Probability = 1/2

1 random midpoint in the

disc.

Probability = 1/4
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Buffon’s Needle



Buffon’s needle problem: An old recreational problem

(a) Georges-Louis
Leclerc, Comte de
Buffon, 1707-1788

(b) de l’Acad. Roy. des. Sciences (1733), 43–45

Suppose we have a floor made of parallel strips of wood, each the same

width, and we drop a needle onto the floor. What is the probability that the

needle will lie across a line between two strips?
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Oups! The match boxes has fallen!

(c) Buffon’s needle match problem

31 out of 100 needles are crossing
Empirical probability = 31 %

(d) Computer simulations

� Is 31% a good estimation of the real probability?

� If I throw again 100 needles, will I see again 31% of needles crossing a line?
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I ran out of matches. But luckilly I have a computer.

31 out of 100 needles are crossing
Empirical probability = 31 %

(e) Is it 31% ?

33 out of 100 needles are crossing
Empirical probability = 33 %

(f) 33%?

36 out of 100 needles are crossing
Empirical probability = 36 %

(g) or 36%
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A million experiments!

1e+06 experiments with 100 needles

Empirical probability

N
b 

of
 e

xp
er

im
en

ts

0.0 0.2 0.4 0.6 0.8 1.0

0
20

00
0

60
00

0

� We need to throw more needles!
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How many needles do we need?
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Results of our simulations... and a surprising observation.

Empirical probability of crossing = 0.318

1

Empirical probability of crossing
=

1

0.318
= 3.14...

?
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Let’s compute it!

� x = distance between the most left point of a the needle and the next vertical

line,

� θ = angle between the needle and a horizontal line.

Two observations:

1. x ∈ [0, 2] and θ ∈ [−π/2, π/2] are uniformly distributed

2. The needle crosses a line precisely when x ≤ cos θ.

-

.

←

Probability =

π/2∫
−π/2

2∫
0

1(x ≤ cos θ)
dx

2

dθ

π

=
1

2π

π/2∫
−π/2

cos θdθ =
1

π
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Two observations explained by two theorems

1. Loooooot of needles ⇒ empirical probability ≃ probability.

2. Many experiments ⇒ histogram has the shape of a bell .

3. Computation ⇒ integral.

Probability Theory:

1. The law of large numbers.

2. The central limit theorem.

Random Geometry and Topology A:

1. Elaborate random geometric problems.

2. Tools to compute the corresponding integrals.

And also: Probability and Measure, Stochastic processes, Random Geometry and

Topology B, Percolation Theory, ...
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The space of spaces



Random Convex Hulls: “The hardest problem on the hardest test”
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Banach spaces and their unit balls

Finite dimensional real Banach spaces

Let n ∈ N. A n-dimensional Banach space (X, ∥ · ∥) is the vector space X = Rn

equipped with a norm ∥ · ∥ : X → R.

B∥·∥ = {x ∈ X : ∥x∥ ≤ 1} is called the unit ball of (X, ∥ · ∥).

1. ∥x+y∥ ≤ ∥x∥+∥y∥
2. ∥λx∥ = |λ|∥x∥
3. ∥x∥ = 0 ⇒ x = 0

1. B∥·∥ is convex

2. B∥·∥ is closed

3. B∥·∥ is bounded

4. B∥·∥ is symmetric

5. B∥·∥ contains 0 in its

interior
Lp-balls

Banach spaces ⇔ Unit balls

= closed, convex, symmetric sets with non-empty interior.
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The “space of spaces”

Isometric spaces

Two Banach spaces X and Y are isometric if there exists a linear isometry T : X →
Y , i.e. a linear bijection such that ∥T (x)∥Y = ∥x∥X for all x ∈ X .

Isometric classes

The isometric class of a Banach space X is the set of all Banach spaces isometric

to X .

Isometry and unit balls

Two Banach spaces X and Y are isometric if and only if there exists a linear transfor-

mation T ∈ GLn such that T (BX) = BY .
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The “space of spaces”

Banach-Mazur distance (unit balls)

Let K and L be unit balls of two n-dimensional Banach spaces.

The (multiplicative) Banach-Mazur distance between these sets is defined as

d(K,L) = inf{r ≥ 1 : ∃T ∈ GLn,K ⊂ T L ⊂ rK}.

Banach-Mazur distance (Banach spaces)

Let X = (Rn, ∥ · ∥X) and Y = (Rn, ∥ · ∥Y ) be two n-dimensional Banach spaces.

The (multiplicative) Banach-Mazur distance between these spaces is defined as

d(X,Y ) = d(BX , BY ).

Banach-Mazur compactum

The Banach-Mazur compactum Mn is the set of isometric classes of n-dimensional

Banach spaces.
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How far away can be two Banach spaces?

Question

Diameter(Mn) := max
X,Y ∈Mn

d(X,Y ) =?

John’s ellipsoid

Let K ⊂ Rn be a unit ball. There exists a unique ellipsoid E of maximal volume

contained in K . It is called the John’s ellipsoid of K , and satisfies

E ⊂ K ⊂
√
nE.

Consequence: For any Banach spaces X and Y :

d(X, ℓn2 ) ≤
√
n and d(Y, ℓn2 ) ≤

√
n ⇒ d(X,Y ) ≤ d(X, ℓn2 ) · d(ℓn2 , Y ) ≤ n.

Thus Diameter(Mn) ≤ n.
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contained in K . It is called the John’s ellipsoid of K , and satisfies

E ⊂ K ⊂
√
nE.

Consequence: For any Banach spaces X and Y :

d(X, ℓn2 ) ≤
√
n and d(Y, ℓn2 ) ≤

√
n ⇒ d(X,Y ) ≤ d(X, ℓn2 ) · d(ℓn2 , Y ) ≤ n.

Thus Diameter(Mn) ≤ n.
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How far away can be two Banach spaces?

We know that Diameter(Mn) ≤ n.

Question

Can we find two Banach spaces X and Y such that d(X,Y ) = n?

Candidates: ℓnp = (Rn, ∥ · ∥p) where ∥x∥p = (
∑n

i=1 |xi|p)
1/p

.

Distance between ℓp spaces

d(ℓnp , ℓ
n
q ) ≤

√
n.

Alternative candidate?

Random convex hulls!
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Gaussian polytopes are fare from each other

Let g1, g2, . . . be independent standard Gaussian vectors in Rn.

Bn,m := convex-hull{±e1, . . . ,±en,±g1, . . . ,±gm} ⊂ Rn.

B′
n,m := convex-hull{±e1, . . . ,±en,±gm+1, . . . ,±g2m} ⊂ Rn.

Theorem (Gluskin, 1981)

For every δ > 0, there exists a constant c > 0 such that for all n ∈ N, and for

m = ⌊δn⌋, one has

P(d(Bn,m, B′
n,m) ≥ c n) ≥ 1− exp(−c n).

Answer

c n ≤ Diameter(Mn) = max
X,Y ∈Mn

d(X,Y ) ≤ n.
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