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CALCUL

PROBABILITES.

CHAPITRE .
ExugRTION DB CHLSES

(a) Joseph Bertrand (b) Calcul des
(1822-1900) probabilités (1889)

8. On trace au hasard unc corde dans un cercle. Quelle est
la prohabilité pour qu'elle soit plus petite que le ¢dté du triangle
équilatéral inserit?

(d) For those who can read one of the most beautiful languages in the world.
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CHAP. 1. — ENUMERATION DES CHAACEN. 3

On peut dire : si I'une des extrémités de la carde est connue,
ce renseignement ne change pas la probubilité; I symétric du
cercle ne permet &'y attacher wucune influence, fuvorable ou dé-
favorable & Varrivée de Pévénement demandé,

L'une des extrémités de lu corde étant cannue, la direction doit
étre réglée par le hasard. Si Pon trace les deux ediés du triangle
équilatéral ayant pour sommet le point donné, ils forment eatre
eux et avec la angente trois angles de Go*. La corde, pour ére
plus grande. que le cité du triangle quilatéral, doit se. trouver
dans celui des trois angles qui est compris cntre les dewx autres. Lo
probabilité pour que le hasard ente trois angles égaux qui peuvent

définition, gl

On peut di
renseignement ne change pas la probabilité. La symétie du cercle
ne permet d'y atiacher aucune influence, favorable ou défavorable
& Parrivée de P'événement demandé,

La direction de la corde étant donnée, clle doit, pour dtre plus
grande que le cité du triangle équilatéral, couper I'un ou lautre
dos ragons qui composent le diamétre perpendiculaire. dans la
moitié la plus vaisine du centre. La probabilité pour qu'il en it

insi it le i},

~ On peut dirc encore ; choisir unc coi

choisir au hasard le point milicu. Pour que la corde soit plus
grande que le coté du triangle équilatéral, il faut et il suffit
que le point milicu soit & unc distance du centre plus petite que la

moitié du rayon, c'est-i-dire A lintérieur d'un cercle quatre fois
plus petit en surface. Le nombre des points situés dans Pintéricur
d'une surface quatre fois moindre est quatre fois moindre. La pro-
babilité pour que la corde dont le milicu est choisi au hasard soit
plus grande que le cdté du triangle équilatéral semble, par défini-
tion, égale & §.

" Tntro cos tros réponses, quelle 63T T8 VeRaDIE? e des—
trois n'est fausse, aucune n'est exacte, la question est mal posée.

Figure: 3 answers!
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Figure: 3 answers!
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Suppose we have a floor made of parallel strips of wood, each the same
width, and we drop a needle onto the floor. What is the probability that the
needle will lie across a line between two strips?
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Oups! The match boxes has fallen! % raninaen

(c) Buffon’s reedte match problem
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31 out of 100 needles are crossing
Empirical probability = 31 %

(d) Computer simulations

(c) Buffon’s reedte match problem
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31 out of 100 needles are crossing
Empirical probability = 31 %

Y

(d) Computer simulations

(c) Buffon’s reedte match problem
> Is 31% a good estimation of the real probability?
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31 out of 100 needles are crossing

Empirical probability = 31 %

(d) Computer simulations

(c) Buffon’s reedte match problem

> Is 31% a good estimation of the real probability?
> If I throw again 100 needles, will | see again 31% of needles crossing a line?
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(e)1sit31% ?

What is Stochastic Geometry? - March 1st 2024, Lecture Entertainment Series, Groningen - Page 8



I ran out of matches. But luckilly | have a computer.

\ /|
N
\T\/ //V\\
ENA
/ / ~
B /

—

~ //\Z/

XS RIN

] ‘/d«'
l ]

\/[*\\*

31 out of 100 needles are crossing
Empirical probability = 31 %

(e)1sit31% ?

33 out of 100 needles are crossing
Empirical probability = 33 %

() 33%?

e
2%
G

What is Stochastic Geometry? - March 1st 2024, Lecture Entertainment Series, Groningen - Page 8

university of
groningen



—

\ /|
N
\W/\/ //V\\
ENA
/ / ~
B /

I ran out of matches. But luckilly | have a computer.

3

27 university of

31 out of 100 needles are crossing
Empirical probability = 31 %

(e)1sit31% ?

~ SN

XS RIN

j ‘/d«'
|

\\L/M
=l

\/[*\\*

[ ~
A =7
‘x\\/
/AF/’Z\
BN Y 2 A V4

33 out of 100 needles are crossing
Empirical probability = 33 %

() 33%?

36 out of 100 needles are crossing
Empirical probability = 36 %

(9) or 36%
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> We need to throw more needles!
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10000 experiments with 100 needles

800

400 600

Nb of experiments
200
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00 02 04 06 08 10

Empirical probability
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Results of our simulations... and a surprising observation. e / groningen

Empirical probability of crossing = 0.318

What is Stochastic Geometry? - March 1st 2024, Lecture Entertainment Series, Groningen - Page 11



Sk

7% university of

Results of our simulations... and a surprising observation. groningen

Empirical probability of crossing = 0.318

1 1

= =3.14...
Empirical probability of crossing  0.318
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Empirical probability of crossing  0.318

3.14...
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> x = distance between the most left point of a the needle and the next vertical
line,

> 6 = angle between the needle and a horizontal line.
Two observations:
1. z € [0,2] and 6 € [—7/2, 7 /2] are uniformly distributed

2. The needle crosses a line precisely when x < cos 6.

/2 2
dz do
Probability = / / 1(z < cos 9)7”;—
™

—m/2 0
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> 6 = angle between the needle and a horizontal line.
Two observations:
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" wdd 1]
Probability = // x<cos€)—x——— / cos 6dé
2w 27
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line,

> 6 = angle between the needle and a horizontal line.
Two observations:
1. z € [0,2] and 6 € [—7/2, 7 /2] are uniformly distributed

2. The needle crosses a line precisely when x < cos 6.

i wdd 1] 1
Probability = / / x<cos9)—x— = — / cosfdf = —
2w 27 T
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Two observations explained by two theorems

1. Loooooot of needles = empirical probability ~ probability.
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Q

1. Loooooot of needles = empirical probability ~ probability.

2. Many experiments = histogram has the shape of a bell “<. JL
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Q

1. Loooooot of needles = empirical probability ~ probability.

2. Many experiments = histogram has the shape of a bell “<. J|L

3. Computation = integral.

Probability Theory:
1. The law of large numbers.

2. The central limit theorem.
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Two observations explained by two theorems > groningen

Q

1. Loooooot of needles = empirical probability ~ probability.

2. Many experiments = histogram has the shape of a bell “<. J|L

3. Computation = integral.

Probability Theory: Random Geometry and Topology A:
1. The law of large nhumbers. 1. Elaborate random geometric problems.
2. The central limit theorem. 2. Tools to compute the corresponding integrals.
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Two observations explained by two theorems

Q

1. Loooooot of needles = empirical probability ~ probability.

2. Many experiments = histogram has the shape of a bell “<. JL

3. Computation = integral.

Probability Theory: Random Geometry and Topology A:
1. The law of large nhumbers. 1. Elaborate random geometric problems.
2. The central limit theorem. 2. Tools to compute the corresponding integrals.

And also: Probability and Measure, Stochastic processes, Random Geometry and
Topology B, Percolation Theory, ...
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Random Convex Hulls: “The hardest problem on the hardest test”

4 random* points on sphere

> P O 24 O @ & (@ O S

e
2%
k72 )

The hardest problem on the hardest test
3Blue1Brown @
@ 5.94M subscribers @ [ﬁ 401K 9] A> Share

15M views 6 years ago Puzzles and proofs
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Banach spaces and their unit balls e / groningen

Finite dimensional real Banach spaces

Let n € N. A n-dimensional Banach space (X, || - ||) is the vector space X = R"
equipped withanorm || - || : X — R.

1 lz+yl <zl + vl
2. Azl = [Afll]|
3. lzl=0=2=0
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Banach spaces and their unit balls % groningen

Finite dimensional real Banach spaces

Let n € N. A n-dimensional Banach space (X, || - ||) is the vector space X = R"
equipped withanorm || - || : X — R.

By = {r € X : [Jz]| < 1} is called the unit ball of (X, || - ||).

1. Bj.| is convex ol
2. By is closed .
1z +yll < lzll+ [yl 5 B“ " oo
. .1 is bounde
2. | Azl = |A|||=]| BH I . .
3. ||17|| — 0= 2—=0 4. ||| is symmetric
5. Bj.|| contains 0 in its T es 0 e 1

interior
Lyp-balls
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Banach spaces and their unit balls % groningen

Finite dimensional real Banach spaces

Let n € N. A n-dimensional Banach space (X, || - ||) is the vector space X = R"
equipped withanorm || - || : X — R.

By = {r € X : [Jz]| < 1} is called the unit ball of (X, || - ||).

1. Bj.| is convex ol
2. By is closed .
1z +yll < lzll+ [yl 5 B“ " oo
. .1 is bounde
2. | Azl = |A|||=]| BH I . .
3. ||17|| — 0= 2—=0 4. ||| is symmetric
5. B.) contains 0 in its T es 0 e 1

interior
Lyp-balls

Banach spaces < Unit balls

= closed, convex, symmetric sets with non-empty interior.
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The “space of spaces” % groningen

Isometric spaces

Two Banach spaces X and Y are isometric if there exists a linear isometry 7' : X —
Y, i.e. alinear bijection such that | T'(z)||y = ||z|x forallz € X.
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The “space of spaces” % groningen

Isometric spaces

Two Banach spaces X and Y are isometric if there exists a linear isometry 7' : X —
Y, i.e. alinear bijection such that | T'(z)||y = ||z|x forallz € X.

Isometric classes

The isometric class of a Banach space X is the set of all Banach spaces isometric
to X.
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The “space of spaces” § groningen

Isometric spaces

Two Banach spaces X and Y are isometric if there exists a linear isometry 7' : X —
Y, i.e. alinear bijection such that | T'(z)||y = ||z|x forallz € X.

Isometric classes

The isometric class of a Banach space X is the set of all Banach spaces isometric
to X.

Isometry and unit balls

Two Banach spaces X and Y are isometric if and only if there exists a linear transfor-
mation 7' € GL,, such that T(Bx) = By
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Banach-Mazur distance (unit balls)

Let K and L be unit balls of two n-dimensional Banach spaces.
The (multiplicative) Banach-Mazur distance between these sets is defined as

d(K,L)=inf{r >1:3T € GL,,, K CTL C rK}.
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The “space of spaces” %+ / groningen

Banach-Mazur distance (unit balls)

Let K and L be unit balls of two n-dimensional Banach spaces.
The (multiplicative) Banach-Mazur distance between these sets is defined as

d(K,L)=inf{r >1:3T € GL,,, K CTL C rK}.

Banach-Mazur distance (Banach spaces)

Let X = (R™,|| - ||lx)and Y = (R™, || - ||v) be two n-dimensional Banach spaces.
The (multiplicative) Banach-Mazur distance between these spaces is defined as

d(X,Y) = d(Bx, By).
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The “space of spaces” %+ / groningen

Banach-Mazur distance (unit balls)

Let K and L be unit balls of two n-dimensional Banach spaces.
The (multiplicative) Banach-Mazur distance between these sets is defined as

d(K,L)=inf{r >1:3T € GL,,, K CTL C rK}.

Banach-Mazur distance (Banach spaces)

Let X = (R™,|| - ||lx)and Y = (R™, || - ||v) be two n-dimensional Banach spaces.
The (multiplicative) Banach-Mazur distance between these spaces is defined as

d(X,Y) = d(Bx, By).

Banach-Mazur compactum

The Banach-Mazur compactum M., is the set of isometric classes of n-dimensional
Banach spaces.
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a7/ i ity of
How far away can be two Banach spaces? %2 / groningen”

Diameter(M,,) := L max d(X,Y) =7
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How far away can be two Banach spaces? %+ / groningen

Diameter(M,,) := L max d(X,Y) =7

John’s ellipsoid

Let K C R™ be a unit ball. There exists a unique ellipsoid £ of maximal volume
contained in K. It is called the John’s ellipsoid of K, and satisfies

EcC K cC+/nE.
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Diameter(M,,) := L max d(X,Y) =7

John’s ellipsoid

Let K C R™ be a unit ball. There exists a unique ellipsoid £ of maximal volume
contained in K. It is called the John’s ellipsoid of K, and satisfies

ECKC+nE.
Consequence: For any Banach spaces X and Y':
d(X,05) < Vuand d(Y,63) < Vi = d(X,Y) < d(X,65)-d(63,Y) < n.

Thus Diameter(M,,) < n.
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How far away can be two Banach spaces? %2 / groningen”

We know that Diameter(M,,) < n.

Can we find two Banach spaces X and Y such that d(X,Y") = n?
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R
How far away can be two Banach spaces? %2 / groningen”

We know that Diameter(M,,) < n.

Can we find two Banach spaces X and Y such that d(X,Y") = n?

Candidates: /7 = (R™, || - ||,,) where [|z ]|, = (37, |z:[?)"/".
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How far away can be two Banach spaces? %+ / groningen

We know that Diameter(M,,) < n.

Can we find two Banach spaces X and Y such that d(X,Y") = n?

Candidates: /7 = (R™, || - ||,,) where [|z ]|, = (37, |z:[?)"/".

Distance between /,, spaces

a(e, ) < V.
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How far away can be two Banach spaces? %+ / groningen

We know that Diameter(M,,) < n.

Can we find two Banach spaces X and Y such that d(X,Y") = n?

Candidates: /7 = (R™, || - ||,,) where [|z ]|, = (37, |z:[?)"/".

Distance between /,, spaces

a(e, ) < V.

Alternative candidate?
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How far away can be two Banach spaces? e / groningen

We know that Diameter(M,,) < n.

Can we find two Banach spaces X and Y such that d(X,Y") = n?

Candidates: £, = (R™, || - ||p) where ||z||, = (ZZ 1 |xl|p)1/p

Distance between ¢, spaces

|

d(ey, £y) < v/n.

Alternative candidate?

Random convex hulls!
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Gaussian polytopes are fare from each other 52/ groningen

Let g1, g2, . - . be independent standard Gaussian vectors in R”.

By, m = convex-hull{xe, ..., te,, tg1,...,£gn} C R™
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%ﬁ‘

Let g1, g2, . - . be independent standard Gaussian vectors in R”.
By, m = convex-hull{xe, ..., te,, tg1,...,£gn} C R™

By, ,, = convex-hull{e, ..., +en, £gmi1, ..., £g2m} C R™.
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Gaussian polytopes are fare from each other %/ proningen

S

Let g1, g2, . - . be independent standard Gaussian vectors in R”.
By, m = convex-hull{xe, ..., te,, tg1,...,£gn} C R™

By, ,, = convex-hull{e, ..., +en, £gmi1, ..., £g2m} C R™.

Theorem (Gluskin, 1981)

For every 6 > 0, there exists a constant ¢ > 0 such that for all n € N, and for
m = |dn], one has

P(d(Bn,m, By, ) > ¢n) > 1 — exp(—cn).
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Gaussian polytopes are fare from each other

Let g1, g2, . - . be independent standard Gaussian vectors in R”.
By, m = convex-hull{xe, ..., te,, tg1,...,£gn} C R™

By, ,, = convex-hull{e, ..., +en, £gmi1, ..., £g2m} C R™.

Theorem (Gluskin, 1981)

For every 6 > 0, there exists a constant ¢ > 0 such that for all n € N, and for
m = |dn], one has

P(d(Bn,m, By, ) > ¢n) > 1 — exp(—cn).

c¢n < Diameter(M,,) = S max d(X,Y) <n.
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OO

) sub-exponential regime b) exponential regime (c) super-exponential regime
(Inn)/d—»O (Inn)/d—»a (Inn)/d — oo.
Facets' heights ~ O(1/Vd). Facets' heights = vV1—e~@. Facets' heights =~ 1.
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