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Model

> W, = d-dimensional cubical observation window with opposite facets identified
= torus
> P, := Poisson process in W with intensity )\g >0

> GGy(t) = loo-Gilbert graph with connection radius t'/?,0 < t < 1
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Model

> W, = d-dimensional cubical observation window with opposite facets identified
= torus

> P, := Poisson process in W with intensity )\g >0

> GGy(t) = loo-Gilbert graph with connection radius t'/?,0 < t < 1

I M‘gggy.‘?l

. . . . 1 1—00
Goal. Describe topological and geometric functionals as A =% 0 and |Wal =¥
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Examples for topological and geometric functionals e / groningen
Subgraph count

> (G = Fixed graph @

> #{GI - GGd(t)I G = G()} . ! .

> Go = A ~ Triangle count
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Examples for topological and geometric functionals

\ﬁ‘

Subgraph count
> (g = Fixed graph @
> #{G C GG4(t): G' =2 Gy} Lt .

> Go = A ~ Triangle count

Betti numbers

> Geometric graph gives rise to abstract simplicial complexes, e.g. the Rips
complex.

Functional as ith Betti number of the clique complex on the graph G
Bo = number of connected components

f1

B2 = number of cavities

number of loops
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Additive functionals
K Multi-additive functionals
Kl Proofs’ strategies

B The end
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Goal. Describe d 1 co-asymptotics of Ag; := a(GGy(t)), where
> a(~) is a nonnegative functional on abstract graphs,
> a(-) is additive: a(GUG') = a(G) + a(G’),
> a(-) grows at most exponentially fast. a(G) € e°UGD,
>

Aa — 0 (sparse), that |V, i 00 (large window).
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Goal. Describe d 1 co-asymptotics of Ag; := a(GGy(t)), where
> a(-) is a nonnegative functional on abstract graphs,
> a(-) is additive: a(GUG') = a(G) + a(G’),
> a(-) grows at most exponentially fast. a(G) € e°UGD,
> Ag — 0 (sparse), that |17/

Theorem (Moment asymptotics)

ZGeA',gO a(G)
(k:oJrl)' ’

k ZGGA'}Q “(G)Z
> Cov[Agi, Adty] ~ paty® otz for0<t <t <L asd —

1 .
4 — 00 (large window).

> E[Ags] ~ patFo for0 <t < 1,asd — oo
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Goal. Describe d 1 co-asymptotics of Ag; := a(GGy(t)), where
> a(-) is a nonnegative functional on abstract graphs,
> a(-) is additive: a(GUG') = a(G) + a(G’),
> a(-) grows at most exponentially fast. a(G) € e°UGD,
>

Aa — 0 (sparse), that |V, i 00 (large window).

Theorem (Moment asymptotics)

ZGeA',gO a(G)
(k:oJrl)' ’

k ZGGA'}Q “(G)Z
> Cov[Agi, Adty] ~ paty® otz for0<t <t <L asd —

> E[Ags] ~ patFo for0 <t < 1,asd — oo

> A} := Connected graphs on {0, ..., k} with a(G) > 0
> ko :=min{k > 0: A, # &}
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Goal. Describe d 1 co-asymptotics of Ag; := a(GGy(t)), where

> a(-) is a nonnegative functional on abstract graphs,

> a(-) is additive: a(GUG') = a(G) + a(G’),

> a(-) grows at most exponentially fast. a(G) € e°UGD,

>

Aa — 0 (sparse), that |V, i 00 (large window).

Theorem (Moment asymptotics)

ZGeA',gO a(G)
(koJrl)' ’

ZGeAm “(G)2
> Cov[Ag i, Ad ] ~ pd tlf“ TO_';’D,)—Z forO <t; <ty <1l,asd —>

> E[Ags] ~ patFo for0 <t < 1,asd — oo

\%

Ay, := Connected graphs on {0, ..., k} with a(G) > 0
> ko :=min{k > 0: Ay # o}
— Wy |\ R0 D x v(@)?
> pa = [Waldg ™ max (@)
where v(G)d is an “integral over indicator that ko + 1 points form graph at least G”.
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> (Bt)<1 = Standard Brownian motion

> Assume that a is additive and nonnegative, that Ay — 0, that |IW,|7 — oo,
and a(G) € CUGD,
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> (Bt)<1 = Standard Brownian motion
> Assume that a is additive and nonnegative, that A, — 0, that |1V 1 00,

and a(G) € CUCD,

Theorem (multivariate and functional CLTs)

IFE[Ag1] — oo, then forany0 < t3 < --- <t,, <1,asd — oo,

(Ad,tl —E[Ag4, ] Agy,, —E[Aqy,.]

ey = (B,rg,---, B ko).
\/Var[A41] v/ Var[A,.1] ) (t’fo tf'?)

Remark: The functional CLT’s assumption can be relaxed to a = a_ + a_ with both
a, and a_ increasing and nonnegative with a_(G) € ¢“%D.
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> (Bt)<1 = Standard Brownian motion

1
T — 00,

> Assume that a is additive and nonnegative, that A, — 0, that |1V
and a(G) € CUCD,

Theorem (multivariate and functional CLTs)

IFE[Ag1] — oo, then forany0 < t3 < --- <t,, <1,asd — oo,

Agt, — E[Aqy] Agy,, —E[Aqy,.]

\/Var[A41] T WVar [Ag1]

If additionally « is increasing, then

Agr —E[Ag] Skorokhod (Byeo )uct
Var[Ag 1] <1 eor=

= (Btllc(),...,BtI:r?).

Remark: The functional CLT’s assumption can be relaxed to a = a_ + a_ with both

a, and a_ increasing and nonnegative with a_(G) € ¢“%D.
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Poisson approximation %+ / groningen

Assume that a is additive and nonnegative, that A\, — 0, that |W,1|5 — 00, and
a(G) € 0UaD,
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Assume that a is additive and nonnegative, that \; — 0, that |Wd|5 — 00, and
a(G) € e0UCl),

Theorem (Poisson approximation)

IfE[Ag41] converges in (0, c0) as d — oo, then

Skorokhod
(Agih<1 ™ = <§ Nt(G)a(G))t<1’
GeAq =

where (Nt(G) )i<1 are independent Poisson processes.

Above: AT = {G: v(G) = maxgrea,, v(G')}
These Poisson processes (Nt(G))tgl are described by:
I> Expected value K ((ko + 1)!)~1t*o at time ¢

> K :=limg_ o pg
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Goal. Describe d 1 co-asymptotics of Ay ¢ := a(GGy4(t)), where
> b= (ly,... ly)for0 <t <---<t, <1
> GGy(t) == (GGd(tl),...,GGd(t,,,,,))
> a(-) = me-variate nonnegative functional on abstract graphs
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Goal. Describe d 1 co-asymptotics of Ay ¢ := a(GGy4(t)), where
> b= (ly,... ly)for0 <t <---<t, <1
> GGy(t) == (GGd(tl),....,GGd(t,,,,,))
> a(-) = me-variate nonnegative functional on abstract graphs

Assume multi-additivity.

a(RUR')=a(R)+a(R)

> where R = (Gy,...,Gp)withG; C--- C Gand R = (GY,...,G),)
withGy C--- C G/ and G, NG, = 2.
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Goal. Describe d 1 co-asymptotics of Ay ¢ := a(GGy4(t)), where
> b= (ly,... ly)for0 <t <---<t, <1
> GGy(t) == (GGd(tl), .. ..,GGd(t,,,,,))
> a(-) = me-variate nonnegative functional on abstract graphs

Assume multi-additivity.

a(RUR')=a(R)+a(R)

> where R = (Gy,...,Gp)withG; C--- C Gand R = (GY,...,G),)
withGy C--- C G/ and G, NG, = 2.

4 &

a( < Jo9 > =2a(e,s) +ale o, =) +ale,A)
/

+a(A, A) + ale—Ae =A)
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Linear combinations of univariate functionals
a(G1,...,Gy) = a1d (Gy) + -+ + apd (G, where aq, . . ., gy, > 0 and
where a’ is a nonnegative additive functional.
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Linear combinations of univariate functionals
a(G1,...,Gy) = a1d (Gy) + -+ + apd (G, where aq, . . ., gy, > 0 and
where a’ is a nonnegative additive functional.

Dynamic subgraph count
(Goa,--.,Gom) fixed sequence of graphs and
a(G1,...,Gp) =#{G, C--- CG),: G; CGand G} = Gy ; foralli < m}
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Linear combinations of univariate functionals
a(G1,...,Gy) = a1d (Gy) + -+ + apd (G, where aq, . . ., gy, > 0 and
where a’ is a nonnegative additive functional.

Dynamic subgraph count
(Goa,--.,Gom) fixed sequence of graphs and
a(G1,...,Gp) =#{G, C--- CG),: G; CGand G} = Gy ; foralli < m}

Persistent Betti numbers
a;(G, G") as ith persistent Betti number associated with the clique complexes of the
graphs G C G'.
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Linear combinations of univariate functionals
a(Gy,...,Gp) == a1d (Gy) + -+ + ' (G), where aq, . .., @iy, > 0 and
where a’ is a nonnegative additive functional.

Dynamic subgraph count
(Goa,--.,Gom) fixed sequence of graphs and
a(G1,...,Gp) =#{G, C--- CG),: G; CGand G} = Gy ; foralli < m}

Persistent Betti numbers
a;(G, G") as ith persistent Betti number associated with the clique complexes of the
graphs G C G'.

Theorem (CLT for multi-additive functionals)

Assume that a is multi-additive, dominated and that a(G.,--- ,G) € ¢“USD. Let
t=(tr,. .. b)) With0 <t < -+ <ty < L.

1. pril/d 1 00: E[Agt] =< pa andVar[Agt] =< pa-

2. Ifpy/* 1 0o (Var[Aa,e])Y/2(Aas — E[Age])=N(0,1)
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> Cramér-Wold theorem ~~ consider ciAqs, as d T oo.

i<m
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> Cramér-Wold theorem ~~ consider ciAqs, as d T oo.

i<m
> Using the moment (variance) asymptotics, it follows that we can ignore

components with more than kqy + 1 vertices.
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Proof of multivariate CLT

> Cramér-Wold theorem ~~ consider ZZ <m ciAqs, as d T oo.

> Using the moment (variance) asymptotics, it follows that we can ignore
components with more than kqy + 1 vertices.

> After normalizing the centered process, we need to show that such an
expression converges to a standard normal distribution. The variance
asymptotics are handled by part 1 of the theorem.
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Proof of multivariate CLT

> Cramér-Wold theorem ~~ consider ZZ <m ciAqs, as d T oo.

> Using the moment (variance) asymptotics, it follows that we can ignore
components with more than kqy + 1 vertices.

> After normalizing the centered process, we need to show that such an
expression converges to a standard normal distribution. The variance
asymptotics are handled by part 1 of the theorem.

> Divide W in a grid consisting of boxes of side length about 2kg and represent
the functional of interest as a sum of random variables restricted to the boxes of

the grid.
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Proof of multivariate CLT

> Cramér-Wold theorem ~~ consider ZZ <m ciAqs, as d T oo.

> Using the moment (variance) asymptotics, it follows that we can ignore
components with more than kqy + 1 vertices.

> After normalizing the centered process, we need to show that such an
expression converges to a standard normal distribution. The variance
asymptotics are handled by part 1 of the theorem.

> Divide W in a grid consisting of boxes of side length about 2kg and represent
the functional of interest as a sum of random variables restricted to the boxes of
the grid.

> Apply [Penrose, 2003, Theorem 2.4] (normal approximation for a sum of
weakly dependent variables by Stein’s method)
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By [Billingsley, 1999, Theorem 13.1] finite-dimensional convergence in
distribution and tightness is sufficient for the convergence in distribution on a
process level.
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By [Billingsley, 1999, Theorem 13.1] finite-dimensional convergence in
distribution and tightness is sufficient for the convergence in distribution on a
process level.

To show tightness, we can show a condition for the 4th moment. More, precisely
that there exist ¢, € > 0 such that

pa ElAa(E)"] < c| B[

foralld > 1 and allintervals E = [t_,t,] C [0, 1], where A4(E) denotes the
centered increment.
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By [Billingsley, 1999, Theorem 13.1] finite-dimensional convergence in
distribution and tightness is sufficient for the convergence in distribution on a
process level.

To show tightness, we can show a condition for the 4th moment. More, precisely
that there exist ¢, € > 0 such that

P ElA(E)Y < c| B[

foralld > 1 and allintervals E = [t_,t,] C [0, 1], where A4(E) denotes the
centered increment.
Strategy:

> Reduce the moment condition to interval that are not too small.
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By [Billingsley, 1999, Theorem 13.1] finite-dimensional convergence in
distribution and tightness is sufficient for the convergence in distribution on a
process level.

To show tightness, we can show a condition for the 4th moment. More, precisely
that there exist ¢, € > 0 such that

pa ElAa(E)"] < c| B[

foralld > 1 and allintervals E = [t_,t,] C [0, 1], where A4(E) denotes the
centered increment.
Strategy:

> Reduce the moment condition to interval that are not too small.

> Use the cumulant identity: Let Z be a random variable with finite fourth
moment. Then, Z satisfies E[(Z — E[Z])*] = 3Var(Z)? + c4(Z). The fourth
order cumulant is the 4th derivative of the cumulant-generating function
s+ log E[e®X] evaluated at 0.
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S

By [Billingsley, 1999, Theorem 13.1] finite-dimensional convergence in
distribution and tightness is sufficient for the convergence in distribution on a
process level.

To show tightness, we can show a condition for the 4th moment. More, precisely
that there exist ¢, € > 0 such that

pa ElAa(E)"] < c| B[

foralld > 1 and allintervals E = [t_,t,] C [0, 1], where A4(E) denotes the
centered increment.
Strategy:

> Reduce the moment condition to interval that are not too small.

> Use the cumulant identity: Let Z be a random variable with finite fourth
moment. Then, Z satisfies E[(Z — E[Z])*] = 3Var(Z)? + c4(Z). The fourth
order cumulant is the 4th derivative of the cumulant-generating function
s+ log E[e®X] evaluated at 0.

> Derive bounds on the variance and the fourth-order cumulant c4.
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General approach similar to CLT: For high dimension d only components in A;O
significantly contribute to the functional.
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General approach similar to CLT: For high dimension d only components in A;O
significantly contribute to the functional.

> Restrict Ag+ to contributions from subgraphs in A’?O, and that, once formed,
do not change over time anymore. Call it Af“, ko- Then, Aéht’ ko approximates
Ags.
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Proof of Poisson Approximation
General approach similar to CLT: For high dimension d only components in A;O
significantly contribute to the functional.
> Restrict Ag+ to contributions from subgraphs in A,T(J, and that, once formed,
do not change over time anymore. Call it AQI,t, ko- Then, Aél,t, ko approximates
A
> With a general Poisson approximation result [Decreusefond et al., 2016,
Theorem 3.1], we show that the sum in A, , , over (ko + 1)-tuples of points
can be approximated by a sum over a Poisson process. = Approximate A/d,t, Ko
by a Poisson functional.
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General approach similar to CLT: For high dimension d only components in A;O
significantly contribute to the functional.
> Restrict Ag+ to contributions from subgraphs in A,TO, and that, once formed,
do not change over time anymore. Call it Aiﬂt,ko' Then, Aél,t,ko approximates
A
> With a general Poisson approximation result [Decreusefond et al., 2016,
Theorem 3.1], we show that the sum in A, , , over (ko + 1)-tuples of points
can be approximated by a sum over a Poisson process. = Approximate A/d,t, Ko
by a Poisson functional.
> Categorizing the Poisson process into the graphs in A%O that are formed yields
independent Poisson Processes.
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THANK YOU!
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