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Results for other random graphs

Random combinatorial graphs (non exhaustive list!)

� Erdös-Rényi graph Gn,p with p = o( logn
n ) [Bollobás ’85]

� Uniformly distributed among a class of graphs with n vertices

■ Labelled tree [Carr, Goh, Schmutz ’94]

■ Planar [Drmota, Giménez, Panagiotou, Steger ’14]

■ Triangulation of an n-gon [Gao, Wormald ’00]

■ Excluded minor [Giménez, Mitsche, Noy ’16]

Random geometric graphs

� Gilbert graph [Penrose ’03]

∆n := maximal degree over

{
all vertices (combinatorial graphs)

all vertices in [0, n1/d]d (geometric graphs)

∆n ≃ log(n)/f(n)

with 1 ≤ f(n) ≤ log log n.

∆n concentrates on two consecutive values.

(Erdös-Rényi, Labelled tree, Gilbert graph)
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Maximal of i.i.d. discrete random variables

Let X,X1, X2, ... ∈ N be i.i.d. random variables and set

∆n := max(X1, . . . , Xn).

Theorem [Anderson, Journal of Applied Probability, 1970]

1.
P(X > k)

P(X > k + 1)

k→∞−−−−→ ∞ (concentration)

⇔ There exists (kn)n such that P(∆n ∈ {kn, kn+1})
n→∞−−−−→ 1.
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Theorem [Anderson, Journal of Applied Probability, 1970]

1.
P(X > k)

P(X > k + 1)

k→∞−−−−→ ∞ (concentration)

⇔ There exists (kn)n such that P(∆n ∈ {kn, kn+1})
n→∞−−−−→ 1.

Idea: Show concentration on one value for a sequence (k, nk)k.

For this, pick nk such that P(X > k) ≫ n−1
k ≫ P(X > k + 1).

⇒ P(∆nk
≤ k′) = P(X ≤ k′)nk ∼= exp(−nk P(X > k′)) ∼=

{
1 if k′ ≤ k,

0 if k′ > k.
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n→∞−−−−→ 1.

2.
P(X > k)

P(X > k + 1)

k→∞−−−−→ eα for some α > 0 (intermediate regime)

⇔ There exists (kn)n such that for all x ∈ R (≈ Gumbel)

e−e−α(x−1)

≤ lim inf
n→∞

P(∆n ≤ kn+x) ≤ lim sup
n→∞

P(∆n ≤ kn+x) ≤ e−e−αx
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n→∞

P(∆n ≤ kn+x) ≤ e−e−αx

3.
P(X > k)

P(X > k + 1)

k→∞−−−−→ 1 (spread)

⇔ P(|∆n − kn| < y)
n→∞−−−−→ 0 for any (kn)n and y > 0.
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Maximal degree in a Poisson-Delaunay graph

1. Poisson point process η of intensity 1

2. For any triple of points (d = 2):

Draw triangle if the circumscribed circle is

empty

3. Let n > 0 and Wn := [0, n1/d]d.

∆n = maxx∈η∩Wn
degη(x).

Theorem [Bern, Eppstein, Yao ’91]

E∆n = Θ
( log n

log log n

)
.

Theorem [Broutin, Devillers, Hemsley ’14]

In dimension d = 2. For any ξ > 0,

P
(
∆n ≤ (log n)2+ξ

)
→ 1, as n → ∞.
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Simulations
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� 75000 simulations

� window W106 = 103[0, 1]2
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Bernoulli, vol 26, no 2 (2020)

∆n = maximal degree over all vertices of a Poisson-Delaunay graph in [0, n
1
d ]d.

Theorem 1 [B., Chenavier, 2020]

Assume d = 2. There exists a map n 7→ In such that

1. P (∆n ∈ {In, In + 1} ) → 1;

2. In ∼ logn
2 log logn .

Theorem 2 [B., Chenavier, 2020]

For any d ≥ 2. There exists a map n 7→ Jn, such that

1. P (∆n ∈ {Jn, Jn + 1, . . . , Jn + ℓd} ) → 1, where ℓd =
⌊
d+3
2

⌋
;

2. Jn ∼ logn
2

d−1 log logn
.

Corollaries [B., Chenavier, 2020]

1. For d = 2, there exists a sequence ni such that P (∆ni = Ini ) → 1.

2. For any d ≥ 2, E∆n ∼ logn
2

d−1 log logn
.
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New models: Beta and Beta-Prime Delaunay tessellations

Figure: β-Delaunay tessellation, β = 15 Figure: β′-Delaunay tessellation, β = 2.5

New parametric models introduced by [Gusakova, Kabluchko, Thäle]:

� The β-Delaunay tessellation I: . . . , Advances in Applied Probability (2022)

� The β-Delaunay tessellation II: . . . , Electronic Journal of Probability (2022)

� The β-Delaunay tessellation III: . . . , ALEA (2022)

� The β-Delaunay tessellation IV: . . . , Stochastics and Dynamics (2023+)

� . . .
Maximal degree in random graphs · 10/10/24, Bochum 10



Dual of Delaunay = Voronoi

Poisson-Voronoi tesselation:

1. Poisson point process η in Rd

... intensity measure of density 1

2. Every point ∈ η has an associated Voronoi cell

Zη(v0) = {u : ∥u− v0∥2 = min
v∈η

∥u− v∥2}.
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Dual of Delaunay = Voronoi

Beta-Voronoi tesselation:

1. Poisson point process ηβ in Rd×R+

... intensity measure of density dµ = hβ dv dh, β > −1

2. Every point (v0, h0) ∈ ηβ has an associated Voronoi cell

Zηβ
(v0, h0) = {u : ∥u− v0∥2+h0 = min

(v,h)∈ηβ

∥u− v∥2+h}.

Maximal degree in random graphs · 10/10/24, Bochum 11



Dual of Delaunay = Voronoi

Beta-Voronoi tesselation:

1. Poisson point process ηβ in Rd×R+

... intensity measure of density dµ = hβ dv dh, β > −1

2. Every point (v0, h0) ∈ ηβ has an associated Voronoi cell

Zηβ
(v0, h0) = {u : ∥u− v0∥2+h0 = min

(v,h)∈ηβ

∥u− v∥2+h}.

Maximal degree in random graphs · 10/10/24, Bochum 11



Dual of Delaunay = Voronoi

Beta-Prime-Voronoi tesselation:

1. Poisson point process ηβ ′ in Rd×R−
... intensity measure of density dµ = (−h)−βdvdh, β > d

2 + 1

2. Every point (v0, h0) ∈ ηβ
′ has an associated Voronoi cell

Zηβ
′(v0, h0) = {u : ∥u− v0∥2+h0 = min

(v,h)∈ηβ
′
∥u− v∥2+h}.
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Beta-Delaunay/Voronoi, γ = 1 and β = 0, 1, 2, 3, 4, 5

γ = 1, β = 0

β → −1 : Classical Delaunay/Voronoi limit (ongoing work: Mathias Wolde-Lübke)

β → ∞ : Gaussian Delaunay/Voronoi limit
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Beta-Delaunay/Voronoi, γ = 1 and β = 0, 1, 2, 3, 4, 5

γ = 1, β = 1

β → −1 : Classical Delaunay/Voronoi limit (ongoing work: Mathias Wolde-Lübke)

β → ∞ : Gaussian Delaunay/Voronoi limit
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Beta-Delaunay/Voronoi, γ = 1 and β = 0, 1, 2, 3, 4, 5

γ = 1, β = 2

β → −1 : Classical Delaunay/Voronoi limit (ongoing work: Mathias Wolde-Lübke)

β → ∞ : Gaussian Delaunay/Voronoi limit
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Beta-Delaunay/Voronoi, γ = 1 and β = 0, 1, 2, 3, 4, 5

γ = 1, β = 3

β → −1 : Classical Delaunay/Voronoi limit (ongoing work: Mathias Wolde-Lübke)

β → ∞ : Gaussian Delaunay/Voronoi limit
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Beta-Delaunay/Voronoi, γ = 1 and β = 0, 1, 2, 3, 4, 5

γ = 1, β = 4

β → −1 : Classical Delaunay/Voronoi limit (ongoing work: Mathias Wolde-Lübke)

β → ∞ : Gaussian Delaunay/Voronoi limit
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Beta-Delaunay/Voronoi, γ = 1 and β = 0, 1, 2, 3, 4, 5

γ = 1, β = 5

β → −1 : Classical Delaunay/Voronoi limit (ongoing work: Mathias Wolde-Lübke)

β → ∞ : Gaussian Delaunay/Voronoi limit
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Beta-prime-Delaunay/Voronoi, γ = 1 and β = 30, 20, 10, 5, 4, 3, 2.5, 2.1

γ = 1, β = 30

β → ∞ : Gaussian Delaunay/Voronoi limit

β → 2 : ???
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Beta-prime-Delaunay/Voronoi, γ = 1 and β = 30, 20, 10, 5, 4, 3, 2.5, 2.1

γ = 1, β = 20

β → ∞ : Gaussian Delaunay/Voronoi limit β → 2 : ???
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Beta-prime-Delaunay/Voronoi, γ = 1 and β = 30, 20, 10, 5, 4, 3, 2.5, 2.1

γ = 1, β = 10

β → ∞ : Gaussian Delaunay/Voronoi limit β → 2 : ???
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Beta-prime-Delaunay/Voronoi, γ = 1 and β = 30, 20, 10, 5, 4, 3, 2.5, 2.1

γ = 1, β = 5

β → ∞ : Gaussian Delaunay/Voronoi limit β → 2 : ???
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Beta-prime-Delaunay/Voronoi, γ = 1 and β = 30, 20, 10, 5, 4, 3, 2.5, 2.1

γ = 1, β = 2.5

β → ∞ : Gaussian Delaunay/Voronoi limit β → 2 : ???
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Beta-prime-Delaunay/Voronoi, γ = 1 and β = 30, 20, 10, 5, 4, 3, 2.5, 2.1

γ = 1, β = 2.1

β → ∞ : Gaussian Delaunay/Voronoi limit

β → 2 : ???
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Typical degree

For a stationary random graph in Rd:

P(degtyp = k) =
E
[∑

v∈Vertices 1(v ∈ [0, 1]d)1(deg(x) = k)
]

E
[∑

v∈Vertices 1(v ∈ [0, 1]d)
] .

Theorem : [Hilhorst ’05]

For the Delaunay graph in the plane (d = 2),

P(degtyp = k) ∼ k−2kk−1/2c,

as k → ∞, where c = e2

4
√
π

∏∞
q=1(1−

1
q
+ 4

q4
)−1

See also [Hilhorst, Calka, 08].
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Typical degree: Classical Delaunay

Theorem [B. ’16]

There exist constants c1, c2, c3 > 0, depending on d, such that,

ck1k
−2
d−1k ≤ P

(
degtyp = k

)
≤ c2k

−2
d−1 P

(
degtyp = k − 1

)
≤ . . .≤ ck3k

−2
d−1k

In particular
P
(
degtyp ≥ k

)
P
(
degtyp ≥ k + 1

) → ∞.

... + involved/technical work to handle dependencies

⇒ concentration (on 2 values for d = 2, finitely many for d > 2) [B., Chenavier 2020]
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Typical degree: Beta Delaunay

Ongoing work with Joseph Gordon.

Same as for Classical Delaunay:

Theorem (Beta Delaunay)

There exist constants c1, c2, c3 > 0, depending on d,and β, such that,

ck1k
−2
d−1k ≤ P

(
degtyp = k

)
≤ c2k

−2
d−1 P

(
degtyp = k − 1

)
≤ . . .≤ ck3k

−2
d−1k

In particular
P
(
degtyp ≥ k

)
P
(
degtyp ≥ k + 1

) → ∞.

... + work to handle dependencies (simplified approach, more robust)

⇒ concentration (on two values for d = 2, finitely many for d > 2)
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Typical degree: Beta-Prime-Delaunay

Ongoing work with Joseph Gordon.

Different behaviour:

Theorem (Beta-Prime Delaunay)

ck ≤ P
(
degtyp = k

)
≤ ??? for some c = cd,β ∈ (0, 1).

In particular lim inf
k→∞

P
(
degtyp ≥ k

)
P
(
degtyp ≥ k + 1

) ≤ 1

c
.

⇒ There does not exists a sequence (nk)k∈N for which P(∆nk
= k)

k→∞−−−−→ 1.

⇒ anti-concentration result. (extend the above argument to finitely many value)
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Proof idea 1: Find conditions on n and k to ensure P (∆n > k ) → 0

P (∆n > k ) = P

 ∑
x∈η∩Wn

1(degη(x) > k) ≥ 1


≤ E

 ∑
x∈η∩Wn

1(degη(x) > k)


= nP

(
D0 > k

)
≤ cnP

(
D0 ≥ k

)
k

−2
d−1 .
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Proof idea 2: Find conditions on n and k to ensure P (∆n < k ) → 0

For R > 0, we construct {x1, . . . , xN} ⊂ η ∩Wn such that:

� xi is picked uniformly at random in η ∩Wn \ ∪i−1
j=1B(xj , 2R),

� N is maximal, i.e. η ∩Wn \ ∪N
j=1B(xj , 2R) = ∅.

� |Wn \
N⋃
j=1

B(xj , 2R)| ≤ n− cNRd ⇒ P (N ≤ n ) ≤ en−cnRd ⇒N ≍ n

Rd

� conditioned on {x1, . . . , xN}, the events

Ei = {Flowerη(xi) ⊂ B(xi, R) and degtyp ≥ k}, 1 ≤ i ≤ N,

are independent, and have probability

pk,R = P (Ei ) ≥ P
(
|Flowerη(o)| ≤ cRd and deg xi = k

)
= P

(
Γk ≤ cRd

)
P ( deg xi = k ) [complem. thm.]

� P (∆n < k ) ≤ · · · ≤ E
[
(1− pk,R)

N
]
.

Maximal degree in random graphs · 10/10/24, Bochum 21



Proof idea 2: Find conditions on n and k to ensure P (∆n < k ) → 0

For R > 0, we construct {x1, . . . , xN} ⊂ η ∩Wn such that:

� xi is picked uniformly at random in η ∩Wn \ ∪i−1
j=1B(xj , 2R),

� N is maximal, i.e. η ∩Wn \ ∪N
j=1B(xj , 2R) = ∅.

� |Wn \
N⋃
j=1

B(xj , 2R)| ≤ n− cNRd ⇒ P (N ≤ n ) ≤ en−cnRd ⇒N ≍ n

Rd

� conditioned on {x1, . . . , xN}, the events

Ei = {Flowerη(xi) ⊂ B(xi, R) and degtyp ≥ k}, 1 ≤ i ≤ N,

are independent, and have probability

pk,R = P (Ei ) ≥ P
(
|Flowerη(o)| ≤ cRd and deg xi = k

)
= P

(
Γk ≤ cRd

)
P ( deg xi = k ) [complem. thm.]

� P (∆n < k ) ≤ · · · ≤ E
[
(1− pk,R)

N
]
.

Maximal degree in random graphs · 10/10/24, Bochum 21



Proof idea 2: Find conditions on n and k to ensure P (∆n < k ) → 0

For R > 0, we construct {x1, . . . , xN} ⊂ η ∩Wn such that:

� xi is picked uniformly at random in η ∩Wn \ ∪i−1
j=1B(xj , 2R),

� N is maximal, i.e. η ∩Wn \ ∪N
j=1B(xj , 2R) = ∅.

� |Wn \
N⋃
j=1

B(xj , 2R)| ≤ n− cNRd ⇒ P (N ≤ n ) ≤ en−cnRd ⇒N ≍ n

Rd

� conditioned on {x1, . . . , xN}, the events

Ei = {Flowerη(xi) ⊂ B(xi, R) and degtyp ≥ k}, 1 ≤ i ≤ N,

are independent, and have probability

pk,R = P (Ei ) ≥ P
(
|Flowerη(o)| ≤ cRd and deg xi = k

)
= P

(
Γk ≤ cRd

)
P ( deg xi = k ) [complem. thm.]

� P (∆n < k ) ≤ · · · ≤ E
[
(1− pk,R)

N
]
.

Maximal degree in random graphs · 10/10/24, Bochum 21



Proof idea 2: Find conditions on n and k to ensure P (∆n < k ) → 0

For R > 0, we construct {x1, . . . , xN} ⊂ η ∩Wn such that:

� xi is picked uniformly at random in η ∩Wn \ ∪i−1
j=1B(xj , 2R),

� N is maximal, i.e. η ∩Wn \ ∪N
j=1B(xj , 2R) = ∅.

� |Wn \
N⋃
j=1

B(xj , 2R)| ≤ n− cNRd ⇒ P (N ≤ n ) ≤ en−cnRd ⇒N ≍ n

Rd

� conditioned on {x1, . . . , xN}, the events

Ei = {Flowerη(xi) ⊂ B(xi, R) and degtyp ≥ k}, 1 ≤ i ≤ N,

are independent, and have probability

pk,R = P (Ei ) ≥ P
(
|Flowerη(o)| ≤ cRd and deg xi = k

)
= P

(
Γk ≤ cRd

)
P ( deg xi = k ) [complem. thm.]

� P (∆n < k ) ≤ · · · ≤ E
[
(1− pk,R)

N
]
.

Maximal degree in random graphs · 10/10/24, Bochum 21



See you at the next workshop: 7-9 April, Groningen

Thank you!
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