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Random combinatorial graphs (non exhaustive list!)

> Erdds-Rényi graph G, ,, with p = 0(10%) [Bollobas '85]
> Uniformly distributed among a class of graphs with n vertices
B Labelled tree [Carr, Goh, Schmutz '94]
B Planar [Drmota, Giménez, Panagiotou, Steger "14]
B Triangulation of an n-gon [Gao, Wormald "00]
B Excluded minor [Giménez, Mitsche, Noy '16]

Random geometric graphs
> Gilbert graph [Penrose "03]
all vertices (combinatorial graphs)

A, := maximal degree over
" {all vertices in [0, n'/?]¢ (geometric graphs)

Maximal degree in random graphs - 10/10/24, Bochum 3
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Random combinatorial graphs (non exhaustive list!)

> Erdds-Rényi graph G, ,, with p = 0(10%) [Bollobas '85]
> Uniformly distributed among a class of graphs with n vertices
B Labelled tree [Carr, Goh, Schmutz '94]
B Planar [Drmota, Giménez, Panagiotou, Steger "14]
B Triangulation of an n-gon [Gao, Wormald "00]
B Excluded minor [Giménez, Mitsche, Noy '16]

Random geometric graphs
> Gilbert graph [Penrose "03]

) all vertices (combinatorial graphs)
A, := maximal degree over
all vertices in [0,'/4]% (geometric graphs)

An ~log(n)/ f(n)

with 1 < f(n) < loglogn.
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Random combinatorial graphs (non exhaustive list!)

> Erdds-Rényi graph G, ,, with p = 0(10%) [Bollobas '85]
> Uniformly distributed among a class of graphs with n vertices
B Labelled tree [Carr, Goh, Schmutz '94]
B Planar [Drmota, Giménez, Panagiotou, Steger "14]
B Triangulation of an n-gon [Gao, Wormald "00]
B Excluded minor [Giménez, Mitsche, Noy '16]

Random geometric graphs
> Gilbert graph [Penrose "03]

) all vertices (combinatorial graphs)
A, := maximal degree over
all vertices in [0,'/4]% (geometric graphs)

A, ~log(n)/f(n) A,, concentrates on two consecutive values.

with 1 < f(n) < loglogn. (Erdds-Rényi, Labelled tree, Gilbert graph)
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Maximal of i.i.d. discrete random variables

Let X, X3, X5, ... € Nbe iid. random variables and set
A, = max(Xq,..., X,).

Maximal degree in random graphs - 10/10/24, Bochum
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Let X, X3, X5, ... € Nbe iid. random variables and set
A, = max(Xq,..., X,).

Theorem [Anderson, Journal of Applied Probability, 1970]

P(X > k) k— 00
TP(X >k+1)
& There exists (ky, ), such that P(A,, € {kp, kny1}) —— 1.

(concentration)

Maximal degree in random graphs - 10/10/24, Bochum 4
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Let X, X3, X5, ... € Nbe iid. random variables and set
A, = max(Xq,..., X,).

Theorem [Anderson, Journal of Applied Probability, 1970]

P(X > k) k— o0
TP(X >k+1)
& There exists (ky, ), such that P(A,, € {kp, kny1}) —— 1.

(concentration)

Idea: Show concentration on one value for a sequence (k, 1y ) k.
For this, pick 1y, such that P(X > k) > n; ' > P(X > k+ 1).

1 itk <k,
0 ifk >k.

1%

= P(A,, <K)=P(X <K)™ = exp(—n, P(X > k)

Maximal degree in random graphs - 10/10/24, Bochum 4
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Let X, X3, X5, ... € Nbe iid. random variables and set
A, = max(Xq,..., X,).

Theorem [Anderson, Journal of Applied Probability, 1970]

P(X > k) k— o0
TP(X >k+1)
& There exists (ky, ), such that P(A,, € {kp, kny1}) —— 1.

(concentration)

P(X > /ﬂ) k— o0

. e” for some o« > 0 intermediate regime
P(X>kt1) ( gime)
<> There exists (ky, ), such that for all z € R (~ Gumbel)
eme Y <liminf P(A,, < kp+z) < limsupP(A,, < k,+2) < e e

n—0o0 n—o0

Maximal degree in random graphs - 10/10/24, Bochum 4
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Let X, X3, X5, ... € Nbe iid. random variables and set
A, = max(Xq,..., X,).

Theorem [Anderson, Journal of Applied Probability, 1970]

P(X > ]C) k— 00
TP(X >k+1)
& There exists (ky, ), such that P(A,, € {kp, kny1}) —— 1.

(concentration)

IED(X > k) k—oo

2. P(X > ht 1) e” forsome a > 0 (intermediate regime)
<> There exists (ky, ), such that for all z € R (~ Gumbel)
e """ < liminf P(A, < kp+z) < limsupP(A,, < kp+z) <e™®

n—0o0 n— o0

38 d

P(X >k+1) (spread)

S P(A, — k| <y) 2222 0forany (kn), andy > 0.

Maximal degree in random graphs - 10/10/24, Bochum 4
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- . . . 1. Poisson point process 7 of intensity 1
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° L]
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Poisson point process 7 of intensity 1

For any triple of points (d = 2):

Draw triangle if the circumscribed circle is
empty
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1. Poisson point process 7 of intensity 1

2. For any triple of points (d = 2):
Draw triangle if the circumscribed circle is
empty

3. Letn > 0and W, := [0,n'/4]%.

A, = maxgemnw, deg, (z).

Maximal degree in random graphs - 10/10/24, Bochum
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1. Poisson point process 7 of intensity 1

2. For any triple of points (d = 2):
Draw triangle if the circumscribed circle is
empty

3. Letn > 0and W, := [0,n'/4]%.

A, = maxgemnw, deg, (z).

Theorem [Bern, Eppstein, Yao ’91] Theorem [Broutin, Devillers, Hemsley *14]

In dimension d = 2. For any £ > 0,
oglogn
8108 P(A, < (logn)%g) —1,asn — oo.

Maximal degree in random graphs - 10/10/24, Bochum 6
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Bernoulli, vol 26, no 2 (2020)

A,, = maximal degree over all vertices of a Poisson-Delaunay graph in [0, né]d.

Theorem 1 [B., Chenavier, 2020]

Assume d = 2. There exists a map n — I,, such that
1. P(A, € {1, +1}) = 1;

logn
2. In ~ 2loglogn "

Maximal degree in random graphs - 10/10/24, Bochum 8
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A,, = maximal degree over all vertices of a Poisson-Delaunay graph in [0, né]d.

Theorem 1 [B., Chenavier, 2020]
Assume d = 2. There exists a map n — I,, such that
1. P(A, € {1, +1}) = 1;

logn
2. I” ~ 3 loglogn -~

Theorem 2 [B., Chenavier, 2020]

For any d > 2. There exists a map n > J,,, such that
1. P(A, €{Jn,Jn+1,...,Jn+La}) = 1, where £g = | 43 ;

logn
2. o~ -2 loglogn”

Maximal degree in random graphs - 10/10/24, Bochum 8
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A,, = maximal degree over all vertices of a Poisson-Delaunay graph in [0, né]d.

Theorem 1 [B., Chenavier, 2020]
Assume d = 2. There exists a map n — I,, such that
1. P(A, € {1, +1}) = 1;

logn
2. I” ~3 loglogn -~

Theorem 2 [B., Chenavier, 2020]

For any d > 2. There exists a map n > J,,, such that
1. P(A, €{Jn,Jn+1,...,Jn+La}) = 1, where £g = | 43 ;

logn
2. Jn -2 loglogn”

Corollaries [B., Chenavier, 2020]

1. For d = 2, there exists a sequence n; such that P (A,,, = I,,, ) — 1.

-~ logn
2. Foranyd > 2, EA, . loglogn’

Maximal degree in random graphs - 10/10/24, Bochum 8
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Figure: 5-Delaunay tessellation, 8 = 15 Figure: 3'-Delaunay tessellation, 3 = 2.5
New parametric models introduced by [Gusakova, Kabluchko, Thale]:

> The (-Delaunay tessellation I: ..., Advances in Applied Probability (2022)

> The (-Delaunay tessellation Il: ..., Electronic Journal of Probability (2022)

> The (-Delaunay tessellation IlI: ..., ALEA (2022)

> The [S-Delaunay tessellation IV: ..., Stochastics and Dynamics (2023+)

>

Maximal degree in random graphs - 10/10/24, Bochum 10



Dual of Delaunay = Voronoi

Poisson-Voronoi tesselation:

1. Poisson point process 7 in R¢
... intensity measure of density 1

Maximal degree in random graphs - 10/10/24, Bochum
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Dual of Delaunay = Voronoi 24 / wonmgen
Poisson-Voronoi tesselation:

1. Poisson point process 7 in R¢
... intensity measure of density 1

2. Every point vg € 1 has an associated Voronoi cell

Zy(vo) = {u: lu = vol|* = minflu — v[|*}.
n

Maximal degree in random graphs - 10/10/24, Bochum 1
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Beta-Voronoi tesselation:

1. Poisson point process 75 in R xR |
... intensity measure of density dy = A% dvdh, B> —1

2. Every point (vg, ho) € 1 has an associated Voronoi cell

Zy (v, ho) = {u s [Ju — voll*+ho = min |ju—v|*+h}.
(v,h)Eng

Maximal degree in random graphs - 10/10/24, Bochum 1
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Dual of Delaunay = Voronoi 32 / promingen.
Beta-Voronoi tesselation:

1. Poisson point process 7 in R4 xR |
... intensity measure of density dy = h® dvdh, > —1

2. Every point (vg, ho) € 1 has an associated Voronoi cell

Zys(vo,ho) = {u: |lu—vol*+ho = min |lu—vl[*+h}.
(v;h)Eng

Maximal degree in random graphs - 10/10/24, Bochum 1
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Beta-Prime-Voronoi tesselation:

1. Poisson point process 75" in R xR
... intensity measure of density du = (—h) ?dvdh, 8 > % +1

2. Every point (vg, ho) € 1’ has an associated Voronoi cell

Zygr (v, ho) = {u: |lu— UoHQ—I—hO = min |u-— v||2+h}.
(v,h)€ng’

Maximal degree in random graphs - 10/10/24, Bochum 1
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Beta-Delaunay/Voronoi, v = land 5 = 0,1,2,3,4,5
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Beta-Delaunay/Voronoi, v = land 5 = 0,1,2,3,4,5

&
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Beta-Delaunay/Voronoi, v = land 5 = 0,1,2,3,4,5
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Beta-Delaunay/Voronoi, v = land 5 = 0,1,2,3,4,5
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Beta-Delaunay/Voronoi, v = land 5 = 0,1,2,3,4,5

Y

B — oo : Gaussian Delaunay/Voronoi limit

12
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LA

B — oo : Gaussian Delaunay/Voronoi limit

Maximal degree in random graphs - 10/10/24, Bochum 13



Beta-prime-Delaunay/Vorono

= . .
v =1and 8 = 30,20,10,5,4,3,2.5,2.1%2 / swoningen

v AN,

SR

LRRONER
o

WA
S L‘Vde > o
SR/ SPRR R
R EOR R PP

I R AV
AL 2
AV N

A L =

v

QY

KD
=
J‘é‘é@zg;
TR
P

2

v

Maximal degree in random graphs - 10/10/24, Bochum 13



%< ,/ groningen

Beta-prime-Delaunay/Voronoi, v = 1 and = 30, 20, 10, 5,4, 3,2.5,2.1 E’i% / oy of
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For a stationary random graph in R¢:

E [ZUEVertices ]l(v € [07 ”d)]l(dEg(x) = k)]
E [ZvEVertices Il(?} € [0’ 1]d)]

]P(degtyp = k) =

Theorem : [Hilhorst '05]

For the Delaunay graph in the plane (d = 2),
P(deg,, = k) ~ k=2 k=%,

R

_ €2 ) _
ask—)oo,wherec—mnqzl(l vl

See also [Hilhorst, Calka, 08].

Maximal degree in random graphs - 10/10/24, Bochum 15
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Typical degree: Classical Delaunay

Theorem [B. ’16]

There exist constants ¢1, ¢, c3 > 0, depending on d, such that,

ARTTR <P (degyy, = k) < k1 P (degyp =k —1) <...< chka1F

Maximal degree in random graphs - 10/10/24, Bochum 16
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Typical degree: Classical Delaunay

Theorem [B. ’16]

There exist constants ¢1, ¢, c3 > 0, depending on d, such that,

FETTE <P (deg,, = k) < cokTIP(deg,. =k —1) <...< ckka1F
1 typ typ 3

P (deg,, > k)

In particular —
]P’(degtyp > k—|—1)

Maximal degree in random graphs - 10/10/24, Bochum 16
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Theorem [B. ’16]

There exist constants ¢1, ¢, c3 > 0, depending on d, such that,
ARTTR <P (degyy, = k) < k1 P (degyp =k —1) <...< chka1F

P(degtypzk) -
]P’(degtyp > k+1)

In particular

... + involved/technical work to handle dependencies
= concentration (on 2 values for d = 2, finitely many for d > 2) [B., Chenavier 2020]

Maximal degree in random graphs - 10/10/24, Bochum 16
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Ongoing work with Joseph Gordon.
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Ongoing work with Joseph Gordon.
Same as for Classical Delaunay:

Theorem (Beta Delaunay)

There exist constants ¢y, ¢o, c3 > 0, depending on d,and 3, such that,
ARTTR <P (degyy, = k) < k1 P (degyyp =k —1) < ...< chka1*

P (deg,, > k) R
IP’(degtyp > k+1)

In particular

... + work to handle dependencies (simplified approach, more robust)
=> concentration (on two values for d = 2, finitely many for d > 2)

Maximal degree in random graphs - 10/10/24, Bochum 17
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Ongoing work with Joseph Gordon.
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Ongoing work with Joseph Gordon. Different behaviour:

Theorem (Beta-Prime Delaunay)

F <P (degy, =k)<???  forsomec=cqp € (0,1).

P(de >k
In particularlikminf (degiy, > F) <

1
—00 ]P’(degtYPZkJrl) ¢’
= There does not exists a sequence (ny,)ex for which P(A,,, = k) 2222 1.

=> anti-concentration result. (extend the above argument to finitely many value)

Maximal degree in random graphs - 10/10/24, Bochum 18
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Ongoing work with Joseph Gordon. Different behaviour:

Theorem (Beta-Prime Delaunay)

cF <P (deg,,, = k) <777 for some ¢ = cq 3 € (0,1).

P(de >k
In particular lim inf (degiyp > &)
k—oo P (degy, >k+1)

. . k
= There does not exists a sequence (1) e for which P(A,,, = k) —— 1.
=> anti-concentration result. (extend the above argument to finitely many value)

1
< -
c

0.0 4
012345678 910111213141516171819 012345678 9101112131415161718192021222324

Maximal degree in random graphs - 10/10/24, Bochum 18
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P(A,>k)=P| > d(deg, () >k >1

zennW,,

<E| > 1(deg,(z)>k)

xennW,,
=nP (’DO > k)
<enP (D> k)kTT,

Maximal degree in random graphs - 10/10/24, Bochum 20



university of

Wy
7%
Proof idea 2: Find conditions on . and k to ensure P (A, < k) — 0 g / sroningen

For R > 0, we construct {x1,...,zx} C n N W, such that:
> a; is picked uniformly at random inn N W, \ Ué;llB(:cj7 2R),
> Nis maximal, i.e. n N W, \ U}, B(x;,2R) = 0.
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Proof idea 2: Find conditions on n and k toensure P (A, < k) — 0 i / groningon f
For R > 0, we construct {x1,...,zx} C n N W, such that:
> a; is picked uniformly at random inn N W, \ U” ! B(x;,2R),
> Nis maximal, i.e. n N W, \ U}, B(x;,2R) = 0.

n

N
> [Wo\ U B(2;,2R)| <n—cNR? = P(N <n) <er—enl’ o N = o
i=1
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Proof idea 2: Find conditions on n and k to ensure P (A, < k) — 0 &2 / woningen

For R > 0, we construct {x1,...,zx} C n N W, such that:
> a; is picked uniformly at random inn N W, \ U” ! B(x;,2R),
> Nis maximal, i.e. n N W, \ U}, B(x;,2R) = 0.

n

N
> [Wa\ U B(z;,2R)| <n—cNR?=P(N <n) <e B = N = i
j=1 1

> conditioned on {x1,...,x N}, the events
E; = {Flower, (z;) C B(z;, R) and deg,,, >k}, 1<i<N,
are independent, and have probability

pee=P(E;)>P ( | Flower, (0)| < cR¥ and degz; = k)
=P (Tx <cR?)P(degz; =k)  [complem. thm.]
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Proof idea 2: Find conditions on n and k to ensure P (A, < k) — 0 & / groningen '
For R > 0, we construct {x1,...,zx} C n N W, such that:
> a; is picked uniformly at random inn N W, \ U” ! B(x;,2R),
> Nis maximal, i.e. n N W, \ U}, B(x;,2R) = 0.

n

N
> [Wa\ U B(z;,2R)| <n—cNR?=P(N <n) <e B = N = i
j=1 1

> conditioned on {x1,...,x N}, the events
E; = {Flower, (z;) C B(z;, R) and deg,,, >k}, 1<i<N,
are independent, and have probability

pee=P(E;)>P ( | Flower, (0)| < cR¥ and degz; = k)
=P (Tx <cR?)P(degz; =k)  [complem. thm.]

P(A,<k)< - <E[(1-per)]
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See you at the next workshop: 7-9 April, Groningen % Sromingen "

7-9 April 2025, Groningen, Netherlands

GBR(DIQIIQ(BEEN

Workshop On Randomness and Discrete

- i
At o

)

Structures

Thank you!
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