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Poisson U-statistic

(X,X ) - measurable space

Λ - some non-atomic σ-finite measure on X

η - Poisson point process (PPP) with intensity measure γ Λ, γ ≥ 1

A Poisson U-statistic of order m is a random variable of the form

Fm = Fm(η, h) :=
∑

(x1,...,xm)∈ηm
̸=

h(x1, . . . , xm),

where ηm
̸= is the collection of m-tuples of distinct points of η and h : Xm 7→ R is

some symmetric function (kernel), satisfying h ∈ L1(Λm)

Note that EFm = γm∥h∥L1(Λm) < ∞

Some interesting functionals of stochastic geometry models and random graphs are
Poisson U-statistics!
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Examples: random geometric graph
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Examples: random geometric graph

X is a metric space with metric dist

Λ - σ-finite non-atomic measure

η - PPP with intensity measure γΛ

For ρ > 0 define a random graph G(η, ρ) = (V ,E):

Vertices: V = η
Edges: E = {(x1, x2) ∈ η2

̸= : dist(x1, x2) ≤ ρ}

Power edge length:
F

()
2 (γ, ρ)

where τ ≥ 0.

Subgraph count: Let Hm be some connected graph on m vertices, then

Fm(γ, ρ) =
1

m!

∑
(x1,...,xm)∈ηm

̸=

1{G({x1, . . . , xm}, ρ) is isomorhic to Hm}.
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Examples: Poisson hyperplane process

Ad,d−1 - space of hyperplanes in Rd

µd−1 - invariant measure on Ad,d−1

η - PPP with intensity measure γµd−1

Intersection process:

Fm,i =

1

m!

∑
(H1,...,Hm)∈ηm

̸=

1{dim(H1 ∩ . . . ∩ Hm) = d −m}

where

1 ≤ m ≤ d

Vi - i-th intrinsic volume, 0 ≤ i ≤ d −m

W ⊂ Rd - convex compact

In particular:

F1,d−1 = Vd−1

((⋃
H∈η H

)
∩W

)
is the total surface area within W

Fd,0 is the number of intersection points within W
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CLT and consequences

Variance: For a kernel h and 1 ≤ k ≤ m define

hk(y1, . . . , yk) :=
(
m
k

) ∫
Xm−k h(y1, . . . , yk , z1, . . . , zm−k)Λ(dz1) . . .Λ(dzm−k).

Then if hk ∈ L2(Λk) for all 1 ≤ k ≤ m we have

∥h1∥2L2(Λ)γ
2m−1 ≤

varFm(η, h) =
m∑

k=1

γ2m−kk!∥hk∥2L2(Λk )

≤ cγ2m−1

Reitzner, Schulte, 2013; Schulte, 2016; Quantitative CLT w.r.t. Kolmogorov distance:
Let Fm be a U-statistic, such that kernel h and measure Λ are independent of γ,
E[Fm]

2 < ∞ and ∥h1∥L2(Λ) > 0. Then

sup
s∈R

∣∣∣P(Fm − EFm ≤ s
√
varFm

)
− Φ(s)

∣∣∣ ≤ Cγ−1/2,

where Φ(s) is cumulative distribution function of standard Gaussian random variable.

Since 1− Φ(s) ≈ e−cs2 we get

P
(
|Fm − EFm| ≥

)
≈ exp

(
− c
)
,

for sufficiently big γ.
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2m−1 ≤ varFm(η, h) =

m∑
k=1

γ2m−kk!∥hk∥2L2(Λk ) ≤ cγ2m−1

Reitzner, Schulte, 2013; Schulte, 2016; Quantitative CLT w.r.t. Kolmogorov distance:
Let Fm be a U-statistic, such that kernel h and measure Λ are independent of γ,
E[Fm]

2 < ∞ and ∥h1∥L2(Λ) > 0. Then

sup
s∈R

∣∣∣P(Fm − EFm ≤ s
√
varFm

)
− Φ(s)

∣∣∣ ≤ Cγ−1/2,

where Φ(s) is cumulative distribution function of standard Gaussian random variable.

Since 1− Φ(s) ≈ e−cs2 we get

P
(
|Fm − EFm| ≥

)
≈ exp

(
− c
)
,

for sufficiently big γ.

Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabrück 6 / 19



CLT and consequences

Variance: For a kernel h and 1 ≤ k ≤ m define

hk(y1, . . . , yk) :=
(
m
k

) ∫
Xm−k h(y1, . . . , yk , z1, . . . , zm−k)Λ(dz1) . . .Λ(dzm−k).

Then if hk ∈ L2(Λk) for all 1 ≤ k ≤ m we have

∥h1∥2L2(Λ)γ
2m−1 ≤ varFm(η, h) =

m∑
k=1

γ2m−kk!∥hk∥2L2(Λk ) ≤ cγ2m−1

Reitzner, Schulte, 2013; Schulte, 2016; Quantitative CLT w.r.t. Kolmogorov distance:
Let Fm be a U-statistic, such that kernel h and measure Λ are independent of γ,
E[Fm]

2 < ∞ and ∥h1∥L2(Λ) > 0. Then

sup
s∈R

∣∣∣P(Fm − EFm ≤ s
√
varFm

)
− Φ(s)

∣∣∣ ≤ Cγ−1/2,

where Φ(s) is cumulative distribution function of standard Gaussian random variable.

Since 1− Φ(s) ≈ e−cs2 we get

P
(
|Fm − EFm| ≥

)
≈ exp

(
− c
)
,

for sufficiently big γ.

Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabrück 6 / 19



CLT and consequences

Variance: For a kernel h and 1 ≤ k ≤ m define

hk(y1, . . . , yk) :=
(
m
k

) ∫
Xm−k h(y1, . . . , yk , z1, . . . , zm−k)Λ(dz1) . . .Λ(dzm−k).

Then if hk ∈ L2(Λk) for all 1 ≤ k ≤ m we have

∥h1∥2L2(Λ)γ
2m−1 ≤ varFm(η, h) =

m∑
k=1

γ2m−kk!∥hk∥2L2(Λk ) ≤ cγ2m−1

Reitzner, Schulte, 2013; Schulte, 2016; Quantitative CLT w.r.t. Kolmogorov distance:
Let Fm be a U-statistic, such that kernel h and measure Λ are independent of γ,
E[Fm]

2 < ∞ and ∥h1∥L2(Λ) > 0. Then

sup
s∈R

∣∣∣P(Fm − EFm ≤ s
√
varFm

)
− Φ(s)

∣∣∣ ≤ Cγ−1/2,

where Φ(s) is cumulative distribution function of standard Gaussian random variable.

Since 1− Φ(s) ≈ e−cs2 we get

P
(
|Fm − EFm| ≥ s

√
varFm

)
≈ exp

(
− cs2

)
± γ−1/2,

for sufficiently big γ.
Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabrück 6 / 19



CLT and consequences

Variance: For a kernel h and 1 ≤ k ≤ m define

hk(y1, . . . , yk) :=
(
m
k

) ∫
Xm−k h(y1, . . . , yk , z1, . . . , zm−k)Λ(dz1) . . .Λ(dzm−k).

Then if hk ∈ L2(Λk) for all 1 ≤ k ≤ m we have

∥h1∥2L2(Λ)γ
2m−1 ≤ varFm(η, h) =

m∑
k=1

γ2m−kk!∥hk∥2L2(Λk ) ≤ cγ2m−1

Reitzner, Schulte, 2013; Schulte, 2016; Quantitative CLT w.r.t. Kolmogorov distance:
Let Fm be a U-statistic, such that kernel h and measure Λ are independent of γ,
E[Fm]

2 < ∞ and ∥h1∥L2(Λ) > 0. Then

sup
s∈R

∣∣∣P(Fm − EFm ≤ s
√
varFm

)
− Φ(s)

∣∣∣ ≤ Cγ−1/2,

where Φ(s) is cumulative distribution function of standard Gaussian random variable.

Since 1− Φ(s) ≈ e−cs2 we get

P
(
|Fm − EFm| ≥ s

√
varFm

)
≈ exp

(
− cs2

)
± γ−1/2, 0 ≤ s ≤ C̃

√
log γ

for sufficiently big γ.
Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabrück 6 / 19



CLT and consequences

Variance: For a kernel h and 1 ≤ k ≤ m define

hk(y1, . . . , yk) :=
(
m
k

) ∫
Xm−k h(y1, . . . , yk , z1, . . . , zm−k)Λ(dz1) . . .Λ(dzm−k).

Then if hk ∈ L2(Λk) for all 1 ≤ k ≤ m we have

∥h1∥2L2(Λ)γ
2m−1 ≤ varFm(η, h) =

m∑
k=1

γ2m−kk!∥hk∥2L2(Λk ) ≤ cγ2m−1

Reitzner, Schulte, 2013; Schulte, 2016; Quantitative CLT w.r.t. Kolmogorov distance:
Let Fm be a U-statistic, such that kernel h and measure Λ are independent of γ,
E[Fm]

2 < ∞ and ∥h1∥L2(Λ) > 0. Then

sup
s∈R

∣∣∣P(Fm − EFm ≤ s
√
varFm

)
− Φ(s)

∣∣∣ ≤ Cγ−1/2,

where Φ(s) is cumulative distribution function of standard Gaussian random variable.

Since 1− Φ(s) ≈ e−cs2 we get

P
(
|Fm − EFm| ≥ s

√
varFm

)
≈ exp

(
− cs2

)
, 0 ≤ s ≤ C̃

√
log γ

for sufficiently big γ.
Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabrück 6 / 19



CLT and consequences

Variance: For a kernel h and 1 ≤ k ≤ m define

hk(y1, . . . , yk) :=
(
m
k

) ∫
Xm−k h(y1, . . . , yk , z1, . . . , zm−k)Λ(dz1) . . .Λ(dzm−k).

Then if hk ∈ L2(Λk) for all 1 ≤ k ≤ m we have

∥h1∥2L2(Λ)γ
2m−1 ≤ varFm(η, h) =

m∑
k=1

γ2m−kk!∥hk∥2L2(Λk ) ≤ cγ2m−1

Reitzner, Schulte, 2013; Schulte, 2016; Quantitative CLT w.r.t. Kolmogorov distance:
Let Fm be a U-statistic, such that kernel h and measure Λ are independent of γ,
E[Fm]

2 < ∞ and ∥h1∥L2(Λ) > 0. Then

sup
s∈R

∣∣∣P(Fm − EFm ≤ s
√
varFm

)
− Φ(s)

∣∣∣ ≤ Cγ−1/2,

where Φ(s) is cumulative distribution function of standard Gaussian random variable.

Since 1− Φ(s) ≈ e−cs2 we get

P
(
|Fm − EFm| ≥ t

)
≈ exp

(
− c

t2

varFm

)
, 0 ≤ t ≤ C̃

√
(log γ) · varFm

for sufficiently big γ.
Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabrück 6 / 19



CLT and consequences

Variance: For a kernel h and 1 ≤ k ≤ m define

hk(y1, . . . , yk) :=
(
m
k

) ∫
Xm−k h(y1, . . . , yk , z1, . . . , zm−k)Λ(dz1) . . .Λ(dzm−k).

Then if hk ∈ L2(Λk) for all 1 ≤ k ≤ m we have

∥h1∥2L2(Λ)γ
2m−1 ≤ varFm(η, h) =

m∑
k=1

γ2m−kk!∥hk∥2L2(Λk ) ≤ cγ2m−1

Reitzner, Schulte, 2013; Schulte, 2016; Quantitative CLT w.r.t. Kolmogorov distance:
Let Fm be a U-statistic, such that kernel h and measure Λ are independent of γ,
E[Fm]

2 < ∞ and ∥h1∥L2(Λ) > 0. Then

sup
s∈R

∣∣∣P(Fm − EFm ≤ s
√
varFm

)
− Φ(s)

∣∣∣ ≤ Cγ−1/2,

where Φ(s) is cumulative distribution function of standard Gaussian random variable.

Since 1− Φ(s) ≈ e−cs2 we get

P
(
|Fm − EFm| ≥ t

)
≈ exp

(
− c

t2

γ2m−1

)
, 0 ≤ t ≤ C̃

√
log γ · γm− 1

2

for sufficiently big γ.
Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabrück 6 / 19



Concentration inequalities: what do we expect?

Aim

Find optimal rate function I : R2
+ → R+ satisfying limt→∞ I (γ, t) = ∞ for any fixed γ,

and such that
P(|Fm − EFm| ≥ t) ≤ exp(−I (γ, t)).

What should we expect?

Due to CLT: I (γ, t) = ct2

γ2m−1 for 0 < t <.

Poisson tail: I (γ, t) = ct
1
m log

(
c ′ t

γm

)
for t > Cγm.

Assume h ≥ 0 and there are disjoint S1, . . . , Sm ⊂ X s.t. h(x1, . . . , xm) ≥ θ1 for all
(x1, . . . , xm) ∈ S1 × . . .× Sm and Λ(Si ) ≥ θ2 for some θ1, θ2 > 0.

Then

Fm

Hence for t > Cγm we have

P(Fm − EFm ≥ t) ≥
m∏
i=1

P(Pciγ ≥ c(t + EFm)
1
m ) ≥ exp

(
− c ′′t

1
m log

( t

γm

))
.
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Concentration inequalities: known results

Concentration bounds for general Poisson functional: Wu’00; Breton, Houdré,
Privault’07; Bachmann, Peccati’16; Gieringer, Last’18,...

Too general for Poisson U-statistic, not sensitive to it’s structure.

Lower tail (Bachmann, Peccati’16): for non-negative h we have

P(Fm − EFm ≤ −t)

≤ exp
(
− c

t2

γ2m−1

)

, t ≥ 0,

U-statistic of order 1 (Wu’00): If h ≤ α1 and ∥h∥L2(Λ) ≤ α2, then

P(F1 − EF1 ≥ t) ≤ exp
(
− t

2α1
log
(
1 +

α1t

γα2
2

))
.

Local U-statistics (Bachmann, Reitzner’17): If X = Rd , Fm < ∞ a.s. and there are
0 < ρ1 ≤ ρ2, 0 < M1 ≤ M2 such that

h(x1, . . . , xm)

{
> 0 if diam(x1, . . . , xm) ≤ ρ1,

= 0 if diam(x1, . . . , xm) > ρ2,
h ∈ {0} ∪ [M1,M2],

then P(Fm − EFm ≥ t) ≤ exp
(
− c
(
(EFm + t)

1
2m − (EFm)

1
2m
)2)

Schulte, Thäle, 2023+: P(Fm − EFm ≥ t) ≤ for

Adamczak, Kutek, 2024+: Concentration inequalities in some special cases
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Schulte, Thäle, 2023+: P(Fm − EFm ≥ t) ≤ for

Adamczak, Kutek, 2024+: Concentration inequalities in some special cases

Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabrück 8 / 19



Concentration inequalities: known results

Concentration bounds for general Poisson functional: Wu’00; Breton, Houdré,
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Schulte, Thäle, 2023+: P(Fm − EFm ≥ t) ≤ exp(−ct
1
m ) for t > Cγm

Adamczak, Kutek, 2024+: Concentration inequalities in some special cases

Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabrück 8 / 19



Main result

Theorem (B., Gusakova, 2024+)

Assume Fm satisfies condition (A1) [shown on next slide] and ∥h1∥L2(Λ) > 0. Then there

are constants c,C ∈ (0,∞), s.t. for all t ≥ 0 and γ ≥ C−1 we have

P(|Fm − EFm| ≥ t) ≤ 2 exp

(
−ct

1
m min

([ t

γm

]2− 1
m
, 1 + log+

[ t

γm

]))
,

where log+(·) = 1(log(·) ≥ 0) log(·) denotes the positive part of the logarithm.

Remark: for 0 < t < γm we have

ct
1
m min

([ t

γm

]2− 1
m
, 1 + log+

[ t

γm

])
= c

t2

γ2m−1
,

for t > γm we have

ct
1
m min

([ t

γm

]2− 1
m
, 1 + log+

[ t

γm

])
> ct

1
m log

(
t

γm

)
.

What is this condition (A1)?

Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabrück 9 / 19



Main result

Theorem (B., Gusakova, 2024+)

Assume Fm satisfies condition (A1) [shown on next slide] and ∥h1∥L2(Λ) > 0. Then there

are constants c,C ∈ (0,∞), s.t. for all t ≥ 0 and γ ≥ C−1 we have
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Condition (A1)

Organize elements of the set [mℓ] = {1, . . . ,mℓ}
in ℓ rows with m elements each

Π(m, ℓ) is the set of partitions σ of [mℓ] such that

each row is intersected by at least one block of size at
least 2;
each block intersects at most 1 element of the same row.

|σ| - number of blocks of σ.

For any measurable h : Xm 7→ R+ and any ℓ ∈ N define

h⊗ℓ(x1, . . . , xmℓ) := h(x1, . . . , xm) · . . . · h(x(ℓ−1)m+1, . . . , xℓm).

For σ ∈ Π(m, ℓ) define the function (h⊗ℓ)σ on X|σ| by identifying the variable xi and xj
if they belong to the same block of σ.

Central moments: E[(Fm − EFm)
ℓ] =

∑
σ∈Π(m,ℓ) γ

|σ| ∫ (h⊗ℓ)σdΛ
|σ|, ℓ ≥ 2.

Condition (A1): h ∈ L1(Λm) and there are β0 ≥ 1 and β1, β2 > 0 such that∫
(|h|⊗ℓ)σdΛ

|σ| < ∞,
∣∣∣ ∫ (h⊗ℓ)σdΛ

|σ|
∣∣∣ ≤ β0β

|σ|
1 βℓ

2

for all ℓ ≥ 2, σ ∈ Π(m, ℓ).
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Main result (revised)

Condition (A1): h ∈ L1(Λm) and there are β0 ≥ 1 and β1, β2 > 0 such that∫
(|h|⊗ℓ)σdΛ

|σ| < ∞,
∣∣∣ ∫ (h⊗ℓ)σdΛ

|σ|
∣∣∣ ≤ β0β

|σ|
1 βℓ

2

for all ℓ ≥ 2, σ ∈ Π(m, ℓ).

Theorem (B., Gusakova, 2024+)

Assume Fm satisfies (A1). Then for all γ ≥ 8mβ0β
−1
1 and t ≥ 0 we have

P(|Fm − EFm| ≥ t) ≤ 2 exp
(
− cm ·min

(
1,

∥h1∥2L2(Λ)
β2
2β

2m−1
1

)
·
( t

β2

) 1
m

×min
([ t

β2(β1γ)m

]2− 1
m
, 1 + log+

[ t

β2(β1γ)m

]))
.
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Idea of the proof

Use

P(|Fm − EFm| ≥ t) ≤ min
ℓ−even

E(Fm − EFm)
ℓ

tℓ
. (1)

Due to (A1) and careful analysis of the set of partitions Π(m, ℓ) we get

E[(Fm − EFm)
ℓ] ≤ β0

(
(mℓ)mβ2

logm
(
1 + mℓ

γβ1

))ℓ

ℓ ≥ 2, γβ1 > 0,

E[(Fm − EFm)
ℓ] ≤ β0

(
22m+1mℓβ2

2(γβ1)
2m−1

)ℓ/2
, ℓ ≥ 2, γβ1 ≥ 2mℓ.

Combing this inequalities and minimizing (1) with respect to ℓ gives concentration

bounds for t ≥ C ′β2(γβ1)
m− 1

2 ≍
√
varFm

For 0 ≤ t ≤
√
varFm we use Chebyshev-Cantelli inequality

P(Fm − EFm ≥ t) ≤ exp
(
− log

(
1 +

t2

varFm

))
.
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Simplified conditions: (A2) and (A3)

Condition (A2): there are α1, α2 > 0 such that Λ(X) = α1 and |h| ≤ α2.

Remark: ∥h∥L1(Λm) ≤ α2α
m
1 < ∞.

Example of U-statistic: Intrinsic volumes of intersection process of Poisson hyperplanes.

Condition (A3): X is equipped with a metric dist, h ∈ L1(Λm) and there are ρ > 0 and
M > 0 such that

0 ≤ h(x1, . . . , xm) ≤ M · 1{diam(x1, . . . , xm) ≤ ρ}, (local U-statistic)

C(ρ,Λ) := sup
x∈X

Λ(B(x , ρ)) < ∞,

where B(x , ρ) is a ball of radius ρ around x .

Remark: ∥h∥L1(Λm) ≤ M
∫
X Λ(B(x , ρ))m−1Λ(dx).

Example of U-statistic: Random geometric graphs.

Lemma (B., Gusakova, 2024+)

1 (A2) ⇒ (A1) with β0 = 1, β1 = α1, β2 = α2.

2 (A3) ⇒ (A1) with β0 = 1, β1 = C(ρ,Λ), β2 = M max

(
1,

∥h∥
L1(Λm)

MC(ρ,Λ)m

) 1
2

.
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Applications: random geometric graphs

X is a metric space with metric dist

Λ - σ-finite non-atomic measure

η - PPP with intensity measure γΛ

G(η, ρ), ρ > 0 - random geometric graph

Poisson U-statistics:

F
(τ)
2 (γ, ρ) =

1

2

∑
(x1,x2)∈η2

̸=

dist(x1, x2)
τ1{dist(x1, x2) ≤ ρ}, τ ≥ 0.

Theorem (B., Gusakova, 2024+)

For any ρ ≤ r and γρd > c ′′ we have

P(|F (τ)
2 − EF (τ)

2 | ≥ t) ≤ 2 exp
(
− c
( t

ρτ (r/ρ)
d
2

) 1
2

×min
([ t

ρτ (r/ρ)d/2(ρdγ)2

]3/2
, 1 + log+

[ t

ρτ (r/ρ)d/2(ρdγ)2

])
.

Remark: Reitzner, Schulte, Thäle, 2017 showed inequalities with rate t
1
3 as t → ∞.
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Applications: Poisson hyperplane process (Euclidean)

Ad,d−1 - space of hyperplanes in Rd

µd−1 - rigid motion invariant measure on Ad,d−1

η - PPP with intensity measure γµd−1

Ad,d−1(r) := {H ∈ Ad,d−1 : H ∩ B(o, r) ̸= ∅}

Fm,i (r , γ) =
1

m!

∑
(H1,...,Hm)∈ηm

̸=

Vi (H1 ∩ . . .∩Hm ∩B(o, r))1{dim(H1 ∩ . . .∩Hm) = d −m}.

Which regime to consider γ → ∞ or r → ∞?

Since Fm,i (r , γ)
d
= r iFm,i (1, rγ) it doesn’t matter; in particular Fm,i satisfies CLT in both

regimes.
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Applications: Poisson hyperplane process (hyperbolic)

Hd - d-dimensional hyperbolic space

Ah
d,d−1 - space of hyperplanes in Hd

µh
d−1 - invariant measure on Ah

d,d−1

η - PPP with intensity measure γµh
d−1

B(o, r) - ball of radius r , Hd(B(o, r)) ∼ e(d−1)r as r → ∞

Intersection process:

Fm(r , γ) =
1

m!

∑
(H1,...,Hm)∈ηm

̸=

Hd−m(H1∩ . . .∩Hm∩B(o, r))1{dim(H1∩ . . .∩Hm) = d−m}.

In particular:

Fd(r , γ) is a number of intersection points within B(o, r)

F1(r , γ) = Hd−1
(
(
⋃

H∈η H) ∩ B(o, r)
)
total (d − 1)-dim. measure within B(o, r)

The regimes γ → ∞ and r → ∞ are different!

What do we know about CLT?
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Applications: Poisson hyperplane process (hyperbolic) - CLT

Fm(r , γ) satisfies CLT when γ → ∞ and r fixed (same as in Euclidean case).

Herold, Hug, Thäle, 2021: As r → ∞ we have

Fm(r , γ) satisfies CLT for d = 2, d = 3 and any 1 ≤ m ≤ d

Fm(r , γ) does not satisfy CLT for d = 4 and m = 1 and d ≥ 7

For other cases see the talk of Tillmann Bühler! no CLT for d ≥ 4 and 1 ≤ m ≤ d

Fm(r , γ) satisfies CLT when r → ∞ and γ → ∞ for all d ≥ 4 and any m

Question: Can we see it on the level of concentration inequalities? Namely we aim for

P(|Fm(r , γ)− EFm(r , γ)| ≥
√

varFm(r , γ)s) ≤ exp(−), 0 < s ≤ .

In case γ → ∞ and r -fixed Fm(r , γ) satisfies (A2) [as in Euclidean case] and we have

P(|Fm(r , γ)− EFm(r , γ)| ≥
√

varFm(r , γ)s) ≤ exp(−c(r) · s2), 0 < s < C(r)
√
γ.

c(r) → 0 as r → ∞, so condition (A2) is not good enough in this case and we need to
work with (A1).

Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabrück 17 / 19



Applications: Poisson hyperplane process (hyperbolic) - CLT

Fm(r , γ) satisfies CLT when γ → ∞ and r fixed (same as in Euclidean case).
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Applications: Poisson hyperplane process (hyperbolic)

Consider U-statistic of order 1: F (r , γ) =
∑

H∈η H
d−1(H ∩ B(o, r)).

Kabluchko, Rosen, Thäle, 2022: If d ≥ 4 and γ fixed, then

F (r , γ)− EF (r , γ) d−→ cdZd , r → ∞,

where Zd is infinitely divisible non-Gaussian with

P(Zd ≥ s) = exp(−s log s(1 + o(1))).
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Applications: Poisson hyperplane process (hyperbolic)
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∑

H∈η H
d−1(H ∩ B(o, r)).

Theorem (B., Gusakova, 2024+)

For γ > 1 and sufficiently big r we get

P(|F (r , γ)− EF (r , γ)| ≥
√

varF (r , γ)s) ≤ exp
(
−c · s2

)
,

which holds for

0 < s ≤ C(γer )1/2 if d = 2,

0 < s ≤ C(rγ)1/2 if d = 3,

0 < s ≤ Cγ1/2 if d ≥ 4.
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where Zd is infinitely divisible non-Gaussian with

P(Zd ≥ s) = exp(−s log s(1 + o(1))).

Theorem (B., Gusakova, 2024+)

For any d ≥ 4, r > 0 and γ > 0 we have

P
(F (r , γ)− E(r , γ)

cde(d−2)r
≥ s
)
≤ exp (−s log(s) + cs) , s > c ′γ.
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Thank you for attention!
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