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Poisson U-statistic

o (X, X) - measurable space

@ A - some non-atomic o-finite measure on X

@ 7 - Poisson point process (PPP) with intensity measure YA, v > 1
@ A Poisson U-statistic of order m is a random variable of the form

Frn=Fn(n,h) = > h(xa,...xm),

(le--»xxm)e"?;

where 7} is the collection of m-tuples of distinct points of  and h: X" — R is
some symmetric function (kernel), satisfying h € L'(A™)
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Poisson U-statistic

o (X, X) - measurable space

@ A - some non-atomic o-finite measure on X

@ 7 - Poisson point process (PPP) with intensity measure YA, v > 1
@ A Poisson U-statistic of order m is a random variable of the form

Frn=Fn(n,h) = > h(xa,...xm),

(le--»xxm)e"?;

where 7} is the collection of m-tuples of distinct points of  and h: X" — R is
some symmetric function (kernel), satisfying h € L'(A™)

Note that EFy, = ||l 1(am) < 00

Some interesting functionals of stochastic geometry models and random graphs are
Poisson U-statistics!

Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabriick



Examples: random geometric graph
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Examples: random geometric graph

o X is a metric space with metric dist

@ A - o-finite non-atomic measure

o 1 - PPP with intensity measure yA
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Examples: random geometric graph

o X is a metric space with metric dist

@ A - o-finite non-atomic measure

@ 71 - PPP with intensity measure yA
@ For p > 0 define a random graph G(n, p) = (V, E):

Vertices: V =1
Edges: E = {(x1,x) € n%: dist(x1, x) < p}
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Examples: random geometric graph

o X is a metric space with metric dist

@ A - o-finite non-atomic measure

@ 71 - PPP with intensity measure yA
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Examples: random geometric graph

o X is a metric space with metric dist

@ A - o-finite non-atomic measure

@ 71 - PPP with intensity measure yA

@ For p > 0 define a random graph G(n, p) = (V, E):

Vertices: V =1
Edges: E = {(x1,x2) € n%: dist(x1, %) < p}

Power edge length:
F{ (v, p) = Z dist(x1, x2)"

(x1,x2) - edge of
G(n,p)

where 7 > 0.
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Examples: random geometric graph

o X is a metric space with metric dist

@ A - o-finite non-atomic measure

@ 71 - PPP with intensity measure yA

@ For p > 0 define a random graph G(n, p) = (V, E):

Vertices: V =1
Edges: E = {(x1,x2) € n%: dist(x1, %) < p}

Power edge length:

T . T 1 . T 3
F2( )('y, 0) Z dist(x1, )" = 5 Z dist(x1, x2) " 1{dist(x1, x2) < p}

(x1,x2) - edge of

(x1,%2)€n?
G(n,p) ?

where 7 > 0.
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Examples: random geometric graph

o X is a metric space with metric dist

@ A - o-finite non-atomic measure

@ 71 - PPP with intensity measure yA

@ For p > 0 define a random graph G(n, p) = (V, E):

Vertices: V =1
Edges: E = {(x1,x2) € n%: dist(x1, %) < p}

Power edge length:

Fz(o)('y,p) = % Z 1{dist(x1,x2) < p}= total number of edges

(X1,X2)€W;

where 7 > 0.
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Examples: random geometric graph

o X is a metric space with metric dist

@ A - o-finite non-atomic measure
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Vertices: V =1
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Examples: random geometric graph

o X is a metric space with metric dist

@ A - o-finite non-atomic measure

@ 71 - PPP with intensity measure yA

@ For p > 0 define a random graph G(n, p) = (V, E):

Vertices: V =1
Edges: E = {(x1,x2) € n%: dist(x1, %) < p}

Power edge length:

. 1 , N
F(up) =5 D distGa,x) HdistGa, x) < p}

(xa 7X2)EW;

where 7 > 0.
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Examples: random geometric graph

o X is a metric space with metric dist

@ A - o-finite non-atomic measure

@ 71 - PPP with intensity measure yA

@ For p > 0 define a random graph G(n, p) = (V, E):

Vertices: V =1
Edges: E = {(x1,x2) € n%: dist(x1, %) < p}

Power edge length:
- 1 . -
FD(rp) = 5 dist(x1, %) 1{dist(x1, x2) < p}
(x1,%2)€n%
where 7 > 0.

Subgraph count: Let H,, be some connected graph on m vertices, then

F,,,(%p)=% S 1{G({x1, - xm}sp) is isomorhic to Hn}.

(<150 5xm) €N
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Examples: random geometric graph

@ X is a metric space with metric dist

o A - o-finite non-atomic measure

o 71 - PPP with intensity measure yA

@ For p > 0 define a random graph G(n,p) = (V, E):
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Power edge length:
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Examples: random geometric graph

@ X is a metric space with metric dist

o A - o-finite non-atomic measure

o 71 - PPP with intensity measure yA

@ For p > 0 define a random graph G(n,p) = (V, E):

Vertices: V =17
Edges: E = {(x1, %) € n%: dist(x1, %) < p}

Power edge length:
- 1 . -
FD(rp) = 5 dist(x1, %) "1{dist(x1, x) < p}
(x1,%2)€n%
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Examples: Poisson hyperplane process

@ Agq—1 - space of hyperplanes in RY
@ [i4—1 - invariant measure on Ag 41

@ 7 - PPP with intensity measure yud—1
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Examples: Poisson hyperplane process

@ Agq—1 - space of hyperplanes in RY
@ [i4—1 - invariant measure on Ag 41

@ 7 - PPP with intensity measure yud—1

Intersection process:

1 :
— > Smnam,H{dim(Hi N ... N Hp) =d — m}
’ (H1,....Hm)€NT

where
el<m<d
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Examples: Poisson hyperplane process

@ Agq—1 - space of hyperplanes in RY
@ [i4—1 - invariant measure on Ag 41

@ 7 - PPP with intensity measure yud—1

Intersection process:

|
(Hy,-;Hm) €N

1
i = — Vi(HiN...0 Hp){dim(Hi N... N Hp) = d —
Frmi = — > (Hin YL{dim(H: N ... N Hp) m}

where
el<m<d

@ V; - i-th intrinsic volume, 0 < i< d—m
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Examples: Poisson hyperplane process

@ Agq—1 - space of hyperplanes in RY
@ [i4—1 - invariant measure on Ag 41

@ 7 - PPP with intensity measure yud—1

Intersection process:

|
(H,-;Hm)€nT

1 B H H \
i = — Vi(Hin...NHan W)l{dim(H:N...NHy) =d —
Fri=—r S0 Vi(H0. 0 H 0 W)L {dim(Hy )=d—m}
where
el<m<d
@ V; - i-th intrinsic volume, 0 < i< d—m

e W C R? - convex compact
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Examples: Poisson hyperplane process

@ Agq—1 - space of hyperplanes in RY
@ [i4—1 - invariant measure on Ag 41

@ 7 - PPP with intensity measure yud—1

Intersection process:

Fom,i = mi > Vi(Hin... . Ha N W)H{dim(Hi0 ...\ Hp) = d — m}
" (Hy,-. Hm)EnT

where
el<m<d
@ V; - i-th intrinsic volume, 0 < i< d—m

e W C R? - convex compact

In particular:

Fig-1= Vd*1<(UHen H) N W) is the total surface area within W
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Examples: Poisson hyperplane process

@ Agq—1 - space of hyperplanes in RY
@ [i4—1 - invariant measure on Ag 41

@ 7 - PPP with intensity measure yud—1

Intersection process:

Fom,i = mi > Vi(Hin... . Ha N W)H{dim(Hi0 ...\ Hp) = d — m}
" (Hy,-. Hm)EnT

where
el<m<d
@ V; - i-th intrinsic volume, 0 < i< d—m
e W C R? - convex compact

In particular:

Fig-1= Vd*1<(UHen H) N W) is the total surface area within W

F4,0 is the number of intersection points within W
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CLT and consequences

Variance: For a kernel h and 1 < k < m define

hk(yl, N ,yk) = (T) me*k h(yl, ey YkyZ1y .ot ,zm_k)/\(dzl) v /\(dzm_k).
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CLT and consequences

Variance: For a kernel h and 1 < k < m define
hk(yl, N ,yk) = (7:) me*k h(yl, ey YkyZ1y .ot ,zm_k)/\(dzl) v /\(dzm_k).

Then if he € L>(A¥) for all 1 < k < m we have

m

varFm(n, h) = ZVszkk!”thﬁ(/\k)
k=1
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CLT and consequences

Variance: For a kernel h and 1 < k < m define
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m
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CLT and consequences

Variance: For a kernel h and 1 < k < m define
hk(yl, N ,yk) = (’:) me*k h(yl, ey YkyZ1y .ot ,zm_k)/\(dzl) v /\(dzm_k).

Then if he € L>(A¥) for all 1 < k < m we have

m

[l Z2 ™™ < varFm(n, ) = > " K| hil[fape < €™
k=1

Reitzner, Schulte, 2013; Schulte, 2016; Quantitative CLT w.r.t. Kolmogorov distance:
Let F, be a U-statistic, such that kernel h and measure A are independent of ~,
E[Fm]> < 0o and ||h1l;2(n) > 0. Then

sup ]P’(Fm —EFy, < sm) - 4>(s)\ < Cy2

seR

where ®(s) is cumulative distribution function of standard Gaussian random variable.
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CLT and consequences

Variance: For a kernel h and 1 < k < m define
hk(yl, N ,yk) = (’:) me*k h(yl, ey YkyZ1y .ot ,zm_k)/\(dzl) v /\(dzm_k).

Then if he € L>(A¥) for all 1 < k < m we have

m

[l Z2 ™™ < varFm(n, ) = > " K| hil[fape < €™
k=1

Reitzner, Schulte, 2013; Schulte, 2016; Quantitative CLT w.r.t. Kolmogorov distance:
Let F, be a U-statistic, such that kernel h and measure A are independent of ~,
E[Fm]> < 0o and ||h1l;2(n) > 0. Then

sup ]P’(Fm —EFy, < sm) - 4>(s)\ < Cy2

seR

where ®(s) is cumulative distribution function of standard Gaussian random variable.
Since 1 — ®(s) ~ e we get
P(|Fm — EFn| > svvarFp) & exp ( - csz) £,

for sufficiently big ~.
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Variance: For a kernel h and 1 < k < m define
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Then if he € L>(A¥) for all 1 < k < m we have
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Let F, be a U-statistic, such that kernel h and measure A are independent of ~,
E[Fm]> < 0o and ||h1l;2(n) > 0. Then

sup ]P’(Fm —EFy, < sm) - 4>(s)\ < Cy2

seR

where ®(s) is cumulative distribution function of standard Gaussian random variable.
Since 1 — ®(s) ~ e we get
P(|Fm — EFn| > svvarFy) ~ exp ( - cs2) ++47Y2 0<s< Cylogny

for sufficiently big ~.

Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabriick
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Variance: For a kernel h and 1 < k < m define
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CLT and consequences

Variance: For a kernel h and 1 < k < m define
hk(yl, e ,yk) = (r:) fxm*k h(yl, ey Yk Z1y .o 7mek)/\(dzl) .o /\(dszk).
Then if hy € L2(A¥) for all 1 < k < m we have

m

||h1‘|i2(/\)72m_1 < varFn(n, h) = Z’Y2m_kk!||hk”i2(/\k) < ey
k=1

Reitzner, Schulte, 2013; Schulte, 2016; Quantitative CLT w.r.t. Kolmogorov distance:
Let Fn be a U-statistic, such that kernel h and measure A are independent of ~,
E[Fm]> < 0o and ||h1l;2(n) > 0. Then

sup ]P(Fm —EF, < s\/varFm) — ¢(s)‘ < C’fl/z,

seR

where ®(s) is cumulative distribution function of standard Gaussian random variable.

Since 1 — ®(s) = e we get

2 ~
P(|Fn—BFn| > 1) mexp (— ¢ ! ), 0<t<C/(logn) varFy

varFp,

for sufficiently big ~.
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CLT and consequences

Variance: For a kernel h and 1 < k < m define
he(yis - vi) = (7) fgmer BOA, - Yio 215 - Zmk)N(d21) - A(dZim k).

Then if he € L>(A¥) for all 1 < k < m we have

[l 2nyy*™ ™" < varFm(n, h) = > 4*" k!l el zney < €™
k=1

Reitzner, Schulte, 2013; Schulte, 2016; Quantitative CLT w.r.t. Kolmogorov distance:
Let Fr, be a U-statistic, such that kernel h and measure A are independent of ~,
E[Fm]> < 0o and ||h1l;2(n) > 0. Then

sup ]P’(F,,, —EF, < s\/varFm> - ¢(s)‘ < cy2
seR

where ®(s) is cumulative distribution function of standard Gaussian random variable.

Since 1 — ®(s) =~ e we get
t? ~ 1
]P’(|meIEFm|2t)zexp(fc7), 0<t< Cyflogy-~y""2
v

for sufficiently big ~.
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Concentration inequalities: what do we expect?

Find optimal rate function / : RZ — R, satisfying lim;—co /(, t) = oo for any fixed 7,
and such that

P(|Fm — EFm| > t) < exp(—1(7, 1)).
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Concentration inequalities: what do we expect?

Find optimal rate function / : RZ — R, satisfying lim;—co /(, t) = oo for any fixed 7,
and such that

P(|Fm — EFm| > t) < exp(—1(7, 1)).

What should we expect?

Due to CLT: I(~,t) = #%2,1 for 0 < t <?.
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Concentration inequalities: what do we expect?

Find optimal rate function / : RZ — R, satisfying lim;—co /(, t) = oo for any fixed 7,
and such that

P(|Fm — EFm| > t) < exp(—1(7, 1)).

What should we expect?
Due to CLT: /(y,t) = —ft for 0 < t < Cy/logy -y 2.
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Find optimal rate function / : RZ — R, satisfying lim;—co /(, t) = oo for any fixed 7,
and such that

P(|Fm — EFm| > t) < exp(—1(7, 1)).

What should we expect?

Due to CLT: I(~,t) = #%2*1 for0 <t < Cy™.
Poisson tail: I(v,t) = ctm log (c'vi,,,) for t > Cy™.
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Concentration inequalities: what do we expect?

Find optimal rate function / : RZ — R, satisfying lim;—co /(, t) = oo for any fixed 7,
and such that

P(|Fm — EFm| > t) < exp(—1(7, 1)).

What should we expect?

Due to CLT: I(~,t) = #%2*1 for0 <t < Cy™.
Poisson tail: I(v,t) = ctm log (c'vi,,,) for t > Cy™.

Assume h > 0 and there are disjoint S1,..., S5, C X s.t. h(x1,...,Xxm) > 61 for all
(X1, ,Xm) € S1 X ... X Sy and A(S;) > 6 for some 61,60, > 0.
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Concentration inequalities: what do we expect?

Find optimal rate function / : RZ — R, satisfying lim¢— oo /(, t) = oo for any fixed 7,
and such that

P(|Fm — EFm| > t) < exp(—1(7, 1)).

What should we expect?

Due to CLT: I(y,t) = 2,,, 7 for0 <t < CHy™.
Poisson tail: /(v,t) = ctm log (c'55) for t > Cy™.

Assume h > 0 and there are disjoint Si,...,Sm C X s.t. h(xi,...,xm) > 61 for all
(Xty. -y Xm) € S1 X ... X Sy and A(S;) > 6, for some 61,6, > 0. Then

Fm = Z h(x, ..y Xm)

(<15 5Xm)ENG
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Concentration inequalities: what do we expect?

Find optimal rate function / : RZ — R, satisfying lim¢— oo /(, t) = oo for any fixed 7,
and such that

P(|Fm — EFm| > t) < exp(—1(7, 1)).

What should we expect?

Due to CLT: I(y,t) = 2,,, 7 for0 <t < CHy™.
Poisson tail: /(v,t) = ctm log (c'55) for t > Cy™.

Assume h > 0 and there are disjoint Si,...,Sm C X s.t. h(xi,...,xm) > 61 for all
(Xty. -y Xm) € S1 X ... X Sy and A(S;) > 6, for some 61,6, > 0. Then

Fn > Z h(xi, ..., Xm)

x1EN(S1),- - XmEN(Sm)
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Concentration inequalities: what do we expect?

Find optimal rate function / : RZ — R, satisfying lim¢— oo /(, t) = oo for any fixed 7,
and such that

P(|Fm — EFm| > t) < exp(—1(7, 1)).

What should we expect?

Due to CLT: I(y,t) = 2,,, 7 for0 <t < CHy™.
Poisson tail: /(v,t) = ctm log (c'55) for t > Cy™.

Assume h > 0 and there are disjoint Si,...,Sm C X s.t. h(xi,...,xm) > 61 for all
(Xty. -y Xm) € S1 X ... X Sy and A(S;) > 6, for some 61,6, > 0. Then

Fn > > 61

x1€N(S1),-- s xm €N(Sm)
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Concentration inequalities: what do we expect?

Find optimal rate function / : RZ — R, satisfying lim¢— oo /(, t) = oo for any fixed 7,
and such that

P(|Fm — EFm| > t) < exp(—1(7, 1)).

What should we expect?

Due to CLT: I(y,t) = 2,,, 7 for0 <t < CHy™.
Poisson tail: /(v,t) = ctm log (c'55) for t > Cy™.

Assume h > 0 and there are disjoint Si,...,Sm C X s.t. h(xi,...,xm) > 61 for all
(Xty. -y Xm) € S1 X ... X Sy and A(S;) > 6, for some 61,6, > 0. Then

Fmn > 61 H Pe.r, P~ ~ Poi(civy) are independent.

i=1
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Concentration inequalities: what do we expect?

Find optimal rate function / : RZ — R, satisfying lim¢— oo /(, t) = oo for any fixed 7,
and such that

P(|Fm — EFm| > t) < exp(—1(7, 1)).

What should we expect?

Due to CLT: I(y,t) = 2,,, 7 for0 <t < CHy™.
Poisson tail: /(v,t) = ctm log (c'55) for t > Cy™.

Assume h > 0 and there are disjoint Si,...,Sm C X s.t. h(xi,...,xm) > 61 for all
(Xty. -y Xm) € S1 X ... X Sy and A(S;) > 6, for some 61,6, > 0. Then

Fmn > 61 H Pe.r, P~ ~ Poi(civy) are independent.
i=1

Hence for t > C~™ we have

P(Fp— EFm > t) > [[B(Pes = c(t + EFm)7) > exp (— ¢t 7 log (vim))'

i=1
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Concentration inequalities: known results

@ Concentration bounds for general Poisson functional: Wu’'00; Breton, Houdré,
Privault'07; Bachmann, Peccati'16; Gieringer, Last'18,...

Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabriick



Concentration inequalities: known results

@ Concentration bounds for general Poisson functional: Wu’'00; Breton, Houdré,
Privault'07; Bachmann, Peccati'16; Gieringer, Last'18,...
Too general for Poisson U-statistic, not sensitive to it's structure.
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Concentration inequalities: known results

@ Concentration bounds for general Poisson functional: Wu’00; Breton, Houdré,
Privault'07; Bachmann, Peccati'16; Gieringer, Last'18,...
Too general for Poisson U-statistic, not sensitive to it's structure.

o Lower tail (Bachmann, Peccati'16): for non-negative h we have

2
P(meEFmet)SeXp(fzn:iZV) . t>0,

where m*V = S0 A*" K kk!|| b7 (A%
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Concentration inequalities: known results

@ Concentration bounds for general Poisson functional: Wu’'00; Breton, Houdré,
Privault'07; Bachmann, Peccati'16; Gieringer, Last'18,...
Too general for Poisson U-statistic, not sensitive to it's structure.

@ Lower tail (Bachmann, Peccati'16): for non-negative h we have

2
P(meEFmet)gexp(fzniizv) . t>0,

where m*V < cy®*™Lif b € L2(A), 1 < k < m.
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Concentration inequalities: known results

@ Concentration bounds for general Poisson functional: Wu’'00; Breton, Houdré,
Privault'07; Bachmann, Peccati'16; Gieringer, Last'18,...
Too general for Poisson U-statistic, not sensitive to it's structure.
@ Lower tail (Bachmann, Peccati'16): for non-negative h we have
2 2
P(meEFmet)Sexp(fm)Sexp(fci), t>0,

,-Y2m71

where m*V < cy®*™Lif b € L2(A), 1 < k < m.
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Concentration inequalities: known results

@ Concentration bounds for general Poisson functional: Wu’'00; Breton, Houdré,
Privault'07; Bachmann, Peccati'16; Gieringer, Last'18,...
Too general for Poisson U-statistic, not sensitive to it's structure.
o Lower tail (Bachmann, Peccati'16): for non-negative h we have
£2
]P’(F,,,—IEF,,,g—t)gexp(—cw)7 t >0,
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Concentration inequalities: known results

@ Concentration bounds for general Poisson functional: Wu’'00; Breton, Houdré,
Privault'07; Bachmann, Peccati'16; Gieringer, Last'18,...
Too general for Poisson U-statistic, not sensitive to it's structure.
o Lower tail (Bachmann, Peccati'16): for non-negative h we have
£2
]P’(F,,,—IEF,,,g—t)gexp(—c:w)7 t >0,

o U-statistic of order 1 (Wu'00): If h < ax and ||h[|2(n) < @2, then

P(FL — EF, > t) gexp(— —Iog (1+ O‘—IZ))
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Concentration inequalities: known results

@ Concentration bounds for general Poisson functional: Wu’'00; Breton, Houdré,
Privault'07; Bachmann, Peccati'16; Gieringer, Last'18,...
Too general for Poisson U-statistic, not sensitive to it's structure.
o Lower tail (Bachmann, Peccati'16): for non-negative h we have
£2
]P’(F,,,—IEF,,,g—t)gexp(—c:w)7 t >0,

o U-statistic of order 1 (Wu'00): If h < ax and ||h[|2(n) < @2, then

P(Fi —EF > t) < exp ( — T:ﬂ log (1 + %)) L P ( — ctlog (c'%))
3
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Concentration inequalities: known results

@ Concentration bounds for general Poisson functional: Wu’00; Breton, Houdré,
Privault'07; Bachmann, Peccati'16; Gieringer, Last'18,...
Too general for Poisson U-statistic, not sensitive to it's structure.
o Lower tail (Bachmann, Peccati'16): for non-negative h we have
2
]P’(meIEF,,,Sft)gexp(fcw>7 t>0,

o U-statistic of order 1 (Wu'00): If h < ax and ||h[|;2(n) < @2, then
2

t t t
P(F—BF 2 ) Sop (-5 log (14 7)) o ew (e ).
2
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Concentration inequalities: known results

@ Concentration bounds for general Poisson functional: Wu’'00; Breton, Houdré,
Privault'07; Bachmann, Peccati'16; Gieringer, Last'18,...
Too general for Poisson U-statistic, not sensitive to it's structure.
o Lower tail (Bachmann, Peccati'16): for non-negative h we have
£2
]P’(F,,,—IEF,,,g—t)gexp(—c:w)7 t >0,

o U-statistic of order 1 (Wu'00): If h < ax and ||h[|2(n) < @2, then

P(FL — EF, > t) gexp(— —Iog (1+ O‘—IZ))
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Concentration inequalities: known results

@ Concentration bounds for general Poisson functional: Wu’'00; Breton, Houdré,
Privault'07; Bachmann, Peccati'16; Gieringer, Last'18,...
Too general for Poisson U-statistic, not sensitive to it's structure.
o Lower tail (Bachmann, Peccati'16): for non-negative h we have
£2
]P’(F,,,—IEF,,,g—t)gexp(—c:w)7 t >0,

o U-statistic of order 1 (Wu'00): If h < ax and ||h[|2(n) < @2, then

P(FL — EF, > t) gexp(— T;Iog (1+ %))

o Local U-statistics (Bachmann, Reitzner'17): If X = RY, F,, < oo a.s. and there are
0 < p1 < p2, 0< My < M; such that

h(xt, .. xm) > 0 if diam(xi,...,xm) < p1, h € {0} U [Mi, Mo]
T = 00f diam(xa, - xm) > p2, T
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Concentration inequalities: known results

@ Concentration bounds for general Poisson functional: Wu’'00; Breton, Houdré,
Privault'07; Bachmann, Peccati'16; Gieringer, Last'18,...
Too general for Poisson U-statistic, not sensitive to it's structure.
o Lower tail (Bachmann, Peccati'16): for non-negative h we have
£2
]P’(F,,,—IEF,,,g—t)gexp(—c:w)7 t >0,

o U-statistic of order 1 (Wu'00): If h < ax and ||h[|2(n) < @2, then

P(FL — EF, > t) gexp(— T;Iog (1+ O‘—IZ))

o Local U-statistics (Bachmann, Reitzner'17): If X = RY, F,, < oo a.s. and there are
0 < p1 < p2, 0< My < M; such that

h(xt, .. xm) > 0 if diam(xi,...,xm) < p1, h € {0} U [Mi, Mo]
T = 00f diam(xa, - xm) > p2, T

then P(Fr — EFp > t) < exp ( — c((EFm + t)27 — (EFy)27)%)
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Concentration inequalities: known results

@ Concentration bounds for general Poisson functional: Wu’'00; Breton, Houdré,
Privault'07; Bachmann, Peccati'16; Gieringer, Last'18,...
Too general for Poisson U-statistic, not sensitive to it's structure.
@ Lower tail (Bachmann, Peccati'16): for non-negative h we have
2
P(Fp — EFpm < —t) < exp(— cw), t>0,

o U-statistic of order 1 (Wu'00): If h < i and ||h][;2a) < a2, then

P(FL — EF, > t) < exp (— ' og (1 + ng))
201 yas
o Local U-statistics (Bachmann, Reitzner'17): If X = R9, F,, < oo a.s. and there are
0 < p1 < p2, 0< My < M such that

h(xty ..., Xm) {

> 0 if diam(xi,...,xm) < p1,

h e {0} U [My, My],
=0 if diam(x1,...,xn) > p2, {0} UM, M)

then P(Fp — EFp > ) < exp (— c((BFn + )70 — (EFp))") |~  exp(—fier)
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Concentration inequalities: known results

@ Concentration bounds for general Poisson functional: Wu’'00; Breton, Houdré,
Privault'07; Bachmann, Peccati'16; Gieringer, Last'18,...
Too general for Poisson U-statistic, not sensitive to it's structure.
@ Lower tail (Bachmann, Peccati'16): for non-negative h we have
.
P(Fp — EFpm < —t) < exp(— CW), >0,

o U-statistic of order 1 (Wu'00): If h < cu and ||h][;2a) < a2, then

P(FL—EF > t) < exp(— ' log (1 + 0‘—12))
2011 yas
o Local U-statistics (Bachmann, Reitzner'17): If X = RY, F,, < oo a.s. and there are
0 < p1 <p2, 0< My < M; such that

h(x1,. .., Xm) {

> 0 if diam(xi,...,xm) < p1,

h e {0} UM, Ma],
= 0if diam(x1,. .., Xm) > p2, {0} L M, M.]

then P(Fn — EFpn > t) < exp (— c((EFm + t)zm — (EFm)ﬁ)2) o exp(—ctm)
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Concentration inequalities: known results

@ Concentration bounds for general Poisson functional: Wu’00; Breton, Houdré,
Privault'07; Bachmann, Peccati'16; Gieringer, Last'18,...

Too general for Poisson U-statistic, not sensitive to it's structure.

Lower tail (Bachmann, Peccati'16): for non-negative h we have

2
]P’(meEFmet)Sexp(ch» t>0,

o U-statistic of order 1 (Wu'00): If h < cu and ||h][;2a) < a2, then

P(F, — EF; > t) gexp(— ilog (1+ %’;))
2

o Local U-statistics (Bachmann, Reitzner'17): If X = RY, F,, < oo a.s. and there are
0 < p1 <p2, 0< My < Mp such that

h(Xl,. .. 7X,«,,) {

> 0 if diam(xi,...,xm) < p1,

h e {0} U [M, Ms2],
=0 if diam(xi, ..., Xxm) > p2, {0} U [My, My]

then P(Fr — EFy > t) < exp ( — c((EFm + t)2n — (EFm)2m)°)
Schulte, Théle, 2023+: P(Fn — EF, > t) < exp(— zc,,t,:) for t < Cy™

5
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Concentration inequalities: known results

o Concentration bounds for general Poisson functional: Wu’00; Breton, Houdré,
Privault'07; Bachmann, Peccati'16; Gieringer, Last'18,...
Too general for Poisson U-statistic, not sensitive to it's structure.
o Lower tail (Bachmann, Peccati'16): for non-negative h we have
2
]P’(meEFmet)Sexp(ch» t>0,

@ U-statistic of order 1 (Wu'00): If h < i and ||h][;2a) < a2, then

P(F, — EF, > t) gexp(— ilog (1+ 3—;))
2

o Local U-statistics (Bachmann, Reitzner'17): If X = R, F,, < oo a.s. and there are
0 < p1 <p2, 0< My < Mp such that

h(xy ..., Xm) {

> 0 if diam(x,...,xm) < p1,

h e {0} U [My, Ms],
=0 if diam(xi,...,Xm) > p2, {0} U [My, My]

then P(Fp — EFy > t) < exp ( — c((EFm + t)2n — (EFm)2m)°)
@ Schulte, Théle, 2023+: P(Fn, —EF, > t) < exp(—ct%) for t > CH™
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Concentration inequalities: known results

o Concentration bounds for general Poisson functional: Wu’00; Breton, Houdré,
Privault'07; Bachmann, Peccati'16; Gieringer, Last'18,...
Too general for Poisson U-statistic, not sensitive to it's structure.
o Lower tail (Bachmann, Peccati'16): for non-negative h we have
2
]P’(meEFmet)Sexp(ch» t>0,

@ U-statistic of order 1 (Wu'00): If h < i and ||h][;2a) < a2, then

P(F, — EF, > t) gexp(— ilog (1+ 3—;))
2

o Local U-statistics (Bachmann, Reitzner'17): If X = R, F,, < oo a.s. and there are
0 < p1 <p2, 0< My < Mp such that

h(xy ..., Xm) {

> 0 if diam(x,...,xm) < p1,

h e {0} U [My, Ms],
=0 if diam(xi,...,Xm) > p2, {0} U [My, My]

then P(Fp — EFy > t) < exp ( — c((EFm + t)2n — (EFm)2m)°)
@ Schulte, Théle, 2023+: P(Fn, —EF, > t) < exp(—ct%) for t > CH™
@ Adamczak, Kutek, 2024+: Concentration inequalities in some special cases
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Main result

Theorem (B., Gusakova, 2024+)

Assume F, satisfies condition (A1) [shown on next slide] and ||h1||2(ny > 0. Then there
are constants c, C € (0,00), s.t. for all t > 0 and v > C~! we have

P(|Fm —EF,| > t) < 2exp (—Ct% Tifi ([’yim]?—#’l + log,, [%])) ’

where log , (-) = 1(log(-) > 0) log(-) denotes the positive part of the logarithm.

Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabriick



Main result

Theorem (B., Gusakova, 2024+)

Assume F, satisfies condition (A1) [shown on next slide] and ||h1||2(ny > 0. Then there
are constants c, C € (0,00), s.t. for all t > 0 and v > C~! we have

P(|Fm —EF,| > t) < 2exp (—Ct% Tifi ([’yim]?—#’l + log,, [%])) ’

where log , (-) = 1(log(-) > 0) log(-) denotes the positive part of the logarithm.

Remark: for 0 < t < " we have

e <[ t]Zf% - t ) t2
cemmin ) og [TJ =C o1
¥ Tly y2m—1

for t > ~™ we have

1, t 12-m t 1 t
ctm™ min [77] ,1+4log, [77] > ctm log 77 .
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Main result

Theorem (B., Gusakova, 2024+)

Assume F, satisfies condition (A1) [shown on next slide] and ||h1||2(ny > 0. Then there
are constants c, C € (0,00), s.t. for all t > 0 and v > C~! we have

P(|Fm —EF,| > t) < 2exp (—Ct% Tifi ([’yim]?—#’l + log,, [%])) ’

where log , (-) = 1(log(-) > 0) log(-) denotes the positive part of the logarithm.

Remark: for 0 < t < " we have

e <[ t]Zf% - t ) t2
cemmin ) og [TJ =C o1
¥ Tly y2m—1

for t > ~™ we have
1 t 12w t 1 t
ctm™ min [77] ,1+4log, [77] > ctm log 77 .

What is this condition (A1)?
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Condition (A1)

e o o o Organize elements of the set [m{] = {1,..., m{}
in £ rows with m elements each

[ ] [ ] [ ]

[ [ ] [ ]

[ ] [ ] [ ]
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Condition (A1)

e o o o Organize elements of the set [m{] = {1,..., m{}
in £ rows with m elements each

e o o @ M(m,£) is the set of partitions o of [m{] such that

[ [ ] [ ]

[ ] [ ] [ ]
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Condition (A1)

o Organize elements of the set [m{] = {1,..., m{}
in £ rows with m elements each
@ M(m,£) is the set of partitions o of [m{] such that
o each row is intersected by at least one block of size at
least 2;
O)

&3

ONO,
ORO,
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Condition (A1)

@ @ o Organize elements of the set [m{] = {1,..., m{}
in £ rows with m elements each

@ M(m,£) is the set of partitions o of [m{] such that

e each row is intersected by at least one block of size at

@ least 2;

o each block intersects at most 1 element of the same row.

Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabriick 10/19



Condition (A1)

@ o Organize elements of the set [m{] = {1,..., m{}
in £ rows with m elements each
@ M(m,£) is the set of partitions o of [m{] such that

e each row is intersected by at least one block of size at
least 2;
e each block intersects at most 1 element of the same row.
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Condition (A1)

@ o Organize elements of the set [m{] = {1,..., m{}
in £ rows with m elements each
@ M(m,£) is the set of partitions o of [m{] such that

e each row is intersected by at least one block of size at
least 2;
e each block intersects at most 1 element of the same row.

@ @ @ |o| - number of blocks of o.
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Condition (A1)

@ o Organize elements of the set [m{] = {1,..., m{}
in £ rows with m elements each
© @ M(m,£) is the set of partitions o of [m{] such that

e each row is intersected by at least one block of size at
least 2;

o each block intersects at most 1 element of the same row.

@ |o| - number of blocks of o.

For any measurable h: X™ — R, and any £ € N define

A2 (X1, .o xme) = (X1, ooy Xm) - h(X(e—1)ym+1, - - - » Xem)-
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Condition (A1)

@ o Organize elements of the set [m{] = {1,..., m{}
in £ rows with m elements each
© @ M(m,£) is the set of partitions o of [m{] such that

e each row is intersected by at least one block of size at
least 2;
e each block intersects at most 1 element of the same row.

@ |o| - number of blocks of o.

For any measurable h: X™ — R, and any £ € N define

A2 (X1, .o xme) = (X1, ooy Xm) - h(X(e—1)ym+1, - - - » Xem)-

For o € M(m, £) define the function (h®*), on X!?! by identifying the variable x; and x;
if they belong to the same block of o.
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Condition (A1)

@ o Organize elements of the set [m{] = {1,..., m{}
in £ rows with m elements each
© @ M(m,£) is the set of partitions o of [m{] such that

e each row is intersected by at least one block of size at
least 2;

o each block intersects at most 1 element of the same row.

@ |o| - number of blocks of o.

For any measurable h: X™ — R, and any £ € N define
A2 (X1, .o xme) = (X1, ooy Xm) - h(X(e—1)ym+1, - - - » Xem)-

For o € M(m, £) define the function (h®*), on X!?! by identifying the variable x; and x;
if they belong to the same block of o.

Central moments: E[(Fn —EFn)] =3, crimo) A7l [(h®)odAll € > 2.
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Condition (A1)

@ o Organize elements of the set [m{] = {1,..., m{}
in £ rows with m elements each
© @ M(m,£) is the set of partitions o of [m{] such that

e each row is intersected by at least one block of size at
least 2;
e each block intersects at most 1 element of the same row.

@ |o| - number of blocks of o.

For any measurable h: X™ — R, and any £ € N define

A2 (X1, .o xme) = (X1, ooy Xm) - h(X(e—1)ym+1, - - - » Xem)-

For o € M(m, £) define the function (h®*), on X!?! by identifying the variable x; and x;
if they belong to the same block of o.

Central moments: E[(F,, — EF,){] = )7“" J(h®)odAl7l, > 2.

oeN(m,t

Condition (A1): h € L'*(A™) and there are 3 > 1 and S1, 82 > 0 such that

June,an <o | [ety,an

for all £ > 2, o € MN(m, ?).

< BoB' 85
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Main result (revised)

Condition (A1): h € L*(A™) and there are 3 > 1 and $1, 82 > 0 such that

[N <o | [o),0n

for all £ > 2, o € MN(m, £).

< Bopl' s

Theorem (B., Gusakova, 2024+)

Assume F,, satisfies (A1). Then for all v > 8mpBof; " and t > 0 we have

P(|Fm — EFm| > t) < 2exp ( ~ Cm - min (1’ ;/221}3”;:91)) ' (ﬂiz)#

X min ([752(;;7)"1]2_5, 1+log, [752(;;7)"’]))'
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Idea of the proof

Use

_ L
B(|Fp — EFy| > 1) < min w.

(1)
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Idea of the proof

Use

_ L
B(|Fp — EFy| > 1) < min w.

(1)

Due to (Al) and careful analysis of the set of partitions IN(m, £) we get

¥4
(mb)™ 3, )) 5248 >0,

log™ (1 + ,Ym—ﬂli

E[(Fim — EFn)‘] < Bo (

0/2
E[(Fn — BFn)] < o (27 meg3(v81)°" ") 0> 2,96 > 2m.
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Idea of the proof

Use

_ L
B(|Fp — EFy| > 1) < min E(F’"tie]EFm).

(1)

Due to (Al) and careful analysis of the set of partitions IN(m, £) we get

4
% £Z2:751>0»

E[(Fim — EFn)‘] < Bo (

0/2
E[(Fn — BFn)] < o (27 meg3(v81)°" ") 0> 2,96 > 2m.

Combing this inequalities and minimizing (1) with respect to ¢ gives concentration
bounds for t > C'ﬂz('yﬁl)'"’% = +/varF,
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Idea of the proof

Use

_ L
B(|Fp — EFy| > 1) < min E(F’"tie]EFm).

(1)

Due to (Al) and careful analysis of the set of partitions IN(m, £) we get

¥4
(mb)™ 3, )) 5248 >0,

log™ (1 + ,Ym—ﬂli

E[(Fim — EFn)‘] < Bo (

0/2
E[(Fn — BFn)] < o (27 meg3(v81)°" ") 0> 2,96 > 2m.

Combing this inequalities and minimizing (1) with respect to ¢ gives concentration
bounds for t > C'ﬂz('yﬁl)'"’% = +/varF,
For 0 < t < +/varF,, we use Chebyshev-Cantelli inequality

P(Fp — EFp > t) < exp ( “log (1 + vame))'
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Simplified conditions: (A2) and (A3)

Condition (A2): there are a1, a2 > 0 such that A(X) = a1 and |h| < ao.
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Simplified conditions: (A2) and (A3)

Condition (A2): there are a1, a2 > 0 such that A(X) = a1 and |h| < ao.

Remark: [|A||1(am) < coaf’ < oo.
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Simplified conditions: (A2) and (A3)

Condition (A2): there are a1, a2 > 0 such that A(X) = a1 and |h| < ao.
Remark: [|A||1(am) < coaf’ < oo.

Example of U-statistic: Intrinsic volumes of intersection process of Poisson hyperplanes.
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Simplified conditions: (A2) and (A3)

Condition (A2): there are a1, a2 > 0 such that A(X) = a1 and |h| < ao.
Remark: [|A||1(am) < coaf’ < oo.

Example of U-statistic: Intrinsic volumes of intersection process of Poisson hyperplanes.

Condition (A3): X is equipped with a metric dist, h € L*(A™) and there are p > 0 and
M > 0 such that

0 < h(x,...,xm) < M- 1{diam(xi,...,xm) < p}, (local U-statistic)
C(p,\) = sup A(B(x, p)) < oo,
xeX

where B(x, p) is a ball of radius p around x.

Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabriick 13/19



Simplified conditions: (A2) and (A3)

Condition (A2): there are a1, a2 > 0 such that A(X) = a1 and |h| < ao.
Remark: [|A||1(am) < coaf’ < oo.

Example of U-statistic: Intrinsic volumes of intersection process of Poisson hyperplanes.

Condition (A3): X is equipped with a metric dist, h € L*(A™) and there are p > 0 and
M > 0 such that

0 < h(x,...,xm) < M- 1{diam(xi,...,xm) < p}, (local U-statistic)
C(p,\) = sup A(B(x, p)) < oo,
xeX
where B(x, p) is a ball of radius p around x.

Remark: [[hl|1amy < M [ A(B(x, p))™~*A(dx).
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Simplified conditions: (A2) and (A3)

Condition (A2): there are a1, a2 > 0 such that A(X) = a1 and |h| < ao.
Remark: [|A||1(am) < coaf’ < oo.
Example of U-statistic: Intrinsic volumes of intersection process of Poisson hyperplanes.
Condition (A3): X is equipped with a metric dist, h € L*(A™) and there are p > 0 and
M > 0 such that

0 < h(x,...,xm) < M- 1{diam(xi,...,xm) < p}, (local U-statistic)

C(p,N\) = supA(B(x,p)) < oo,

xeX

where B(x, p) is a ball of radius p around x.
Remark: [[hl|1amy < M [ A(B(x, p))™~*A(dx).

Example of U-statistic: Random geometric graphs.
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Simplified conditions: (A2) and (A3)

Condition (A2): there are a1, a2 > 0 such that A(X) = a1 and |h| < ao.
Remark: [|A||1(am) < coaf’ < oo.

Example of U-statistic: Intrinsic volumes of intersection process of Poisson hyperplanes.

Condition (A3): X is equipped with a metric dist, h € L*(A™) and there are p > 0 and
M > 0 such that
0 < h(x,...,xm) < M- 1{diam(xi,...,xm) < p}, (local U-statistic)
C(p,\) = sup A(B(x, p)) < oo,
xeX

where B(x, p) is a ball of radius p around x.
Remark: [[hl|1amy < M [ A(B(x, p))™~*A(dx).

Example of U-statistic: Random geometric graphs.

Lemma (B., Gusakova, 2024+)

Q (A2) = (A1) with fo =1, B = a1, B> = an.

ll Al

1
2
Q (A3) = (A1) with fo =1, i = C(p,N), B2 = M max <1, MC(L;f,“\)”m))

Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabriick 13/19



Applications: random geometric graphs

o X is a metric space with metric dist ‘/T P

@ A - o-finite non-atomic measure s

@ 71 - PPP with intensity measure yA DA 4 A

e G(n,p), p> 0 - random geometric graph } - ‘"“:};n
g

Poisson U-statistics:

CRICE % dist(x1, %) 1{dist(x1,%0) < p}, 7 >0.

(xa 7X2)€77i
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Applications: random geometric graphs

o X = R? with usual Euclidean distance ,z::., g ’;?: Q'I
o A()) = Leb(- N B(o, 1)) I 7
@ 71 - PPP with intensity measure yA DA 4 \ A
e G(n,p), p> 0 - random geometric graph ) . = vk‘

Poisson U-statistics:

T 1 T
Fup) =5 > la—xllx-xl<p >0

(x1.%2)€n%
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Applications: random geometric graphs

o X = R? with usual Euclidean distance ,z::., g ’;?: Q'I
o A()) = Leb(- N B(o, 1)) I 7
@ 7 - PPP with intensity measure yA DA 4 .“; A
e G(n,p), p> 0 - random geometric graph P . = v“"’i B

Poisson U-statistics:

T 1 T
Flup) =5 > la—xlYlx-xl<p >0

(x1 7X2)€’q;

Remark: F7) satisfies (A3).
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Applications: random geometric graphs

o X = R? with usual Euclidean distance fk . ";5\
o A(-) = Leb(- N B(o, r)) s - 7
o 1 - PPP with intensity measure yA AR ‘,A: A
e G(n,p), p> 0 - random geometric graph ) . N /“‘3

Poisson U-statistics:

T 1 T
Fup) =5 > la—xllx-xl<p >0

(x1.%2)€n%

Theorem (B., Gusakova, 2024-+)

For any p < r and vp® > c” we have

P(IF7) —EF)| > t) < 2exp ( = C(pr(rt/p);’)%
_ 3/2
<min () At )

Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabriick 14 /19



Applications: random geometric graphs

o X = R? with usual Euclidean distance fk . ";5\

o A(-) = Leb(- N B(o, r)) s - 7

o 1 - PPP with intensity measure yA AR ‘,A: A

e G(n,p), p> 0 - random geometric graph > S
DN

Poisson U-statistics:

T 1 T
Fup) =5 > la—xllx-xl<p >0

(1 7X2)€77i

Theorem (B., Gusakova, 2024-+)

For any p < r and vp® > c” we have

P(IF7) —EF)| > t) < 2exp ( = C(pr(rt/p);’)%
_ 3/2
<min () At )

Remark: Reitzner, Schulte, Thale, 2017 showed inequalities with rate t% as t — oo.
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Applications: Poisson hyperplane process (Euclidean)

o Agg_1 - space of hyperplanes in R?

fd—1 - rigid motion invariant measure on Ag.d—1

n - PPP with intensity measure yuqg—1
Ad.d-1(r) :={H € Ag,g—1: HN B(o,r) £ 0}

Foni(riy) = % S ViHO.. .0 Ha O B0, ) 1{dim(Hy ... 1 H) = d — m},
" (Hy,..o Hm)€ND
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Applications: Poisson hyperplane process (Euclidean)

o Agg_1 - space of hyperplanes in R?

fd—1 - rigid motion invariant measure on Ag.d—1

n - PPP with intensity measure yuqg—1
Ad.d-1(r) :={H € Ag,g—1: HN B(o,r) £ 0}

Foni(riy) = % S ViHO.. .0 Ha O B0, ) 1{dim(Hy ... 1 H) = d — m},
" (Hy,..o Hm)€ND
Remark:

@ Fm i(r,7) only depends on restriction of 7 to Ag,d—1(r)
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Applications: Poisson hyperplane process (Euclidean)

o Agg_1 - space of hyperplanes in R?

fd—1 - rigid motion invariant measure on Ag.d—1

n - PPP with intensity measure yuqg—1
Ad.d-1(r) :={H € Ag,g—1: HN B(o,r) £ 0}

Foni(riy) = % S ViHO.. .0 Ha O B0, ) 1{dim(Hy ... 1 H) = d — m},
*(HuyHm)En?

Remark:
@ Fm i(r,7) only depends on restriction of 7 to Ag,d—1(r)
o Vi(Hin...NnHyNB(o,r)) < Vi(B(o,r))
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Applications: Poisson hyperplane process (Euclidean)

o Agg_1 - space of hyperplanes in R?

fd—1 - rigid motion invariant measure on Ag.d—1

n - PPP with intensity measure yuqg—1
Ad.d-1(r) :={H € Ag,g—1: HN B(o,r) £ 0}

Foni(riy) = % S ViHO.. .0 Ha O B0, ) 1{dim(Hy ... 1 H) = d — m},
*(HuyHm)En?

Remark:
@ Fm i(r,7) only depends on restriction of 7 to Ag,d—1(r)
e Vi(HiN...NHmN B(o,r)) < Vi(B(o,r))

= (A2) applies.
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Applications: Poisson hyperplane process (Euclidean)

o Agg_1 - space of hyperplanes in R?

fd—1 - rigid motion invariant measure on Ag.d—1

n - PPP with intensity measure yuqg—1
Ad.d-1(r) :={H € Ag,g—1: HN B(o,r) £ 0}

Foni(riy) = % S ViHO.. .0 e B0, ) {dim(Fy ... O H) = d — m},
" (M., Hm)EnT

Theorem (B., Gusakova, 2024+)

Foranyl1<m<d,0<i<d—mandry>c" we have

1

P(|Fm,i — EFmi| > t) < 2exp(— c(%)"’ min ([W]z_%’l_F log, [W])

Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabriick 15/19



Applications: Poisson hyperplane process (Euclidean)

o Agg_1 - space of hyperplanes in R?

fd—1 - rigid motion invariant measure on Ag.d—1

n - PPP with intensity measure yuqg—1
Ad.d-1(r) :={H € Ag,g—1: HN B(o,r) £ 0}

Foni(riy) = % S ViHO.. .0 e B0, ) {dim(Fy ... O H) = d — m},
" (M., Hm)EnT

Theorem (B., Gusakova, 2024+)

Foranyl1<m<d,0<i<d—mandry>c" we have

1

P(|Fm,i — EFmi| > t) < 2exp(— c(%)"’ min ([W]z_%’l_F log, [W])

Which regime to consider v — oo or r — 00?
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Applications: Poisson hyperplane process (Euclidean)

o Agg_1 - space of hyperplanes in R?

fd—1 - rigid motion invariant measure on Ag.d—1

n - PPP with intensity measure yuqg—1
Ad.d-1(r) :={H € Ag,g—1: HN B(o,r) £ 0}

Foni(riy) = % S ViHO.. .0 e B0, ) {dim(Fy ... O H) = d — m},
" (M., Hm)EnT

Theorem (B., Gusakova, 2024+)

Foranyl1<m<d,0<i<d—mandry>c" we have

1

P(|Fm,i — EFmi| > t) < 2eXp(— c(%)"’ min ([W]z_%’l_F log, [W])

Which regime to consider v — oo or r — 00?
Since Fr,i(r,7) < r'Fmi(1, ry) it doesn't matter; in particular F,; satisfies CLT in both
regimes.
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Applications: Poisson hyperplane process (hyperbolic)

o HY - d-dimensional hyperbolic space
° Ag,d_1 - space of hyperplanes in H¢

o uf - invariant measure on Ag’d,l
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Applications: Poisson hyperplane process (hyperbolic)

HY - d-dimensional hyperbolic space

AZYd,l - space of hyperplanes in H¢

uh_, - invariant measure on Af}’d_l

7 - PPP with intensity measure yu’_;
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Applications: Poisson hyperplane process (hyperbolic)

o HY - d-dimensional hyperbolic space
° AZYd,l - space of hyperplanes in H?

® pf_; - invariant measure on Af ,

7 - PPP with intensity measure yu’_;
B(o, r) - ball of radius r, H?(B(o,r)) ~ eV as r — oo
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Applications: Poisson hyperplane process (hyperbolic)

o HY - d-dimensional hyperbolic space
° AZYd,l - space of hyperplanes in H?

® pf_; - invariant measure on Af ,

o 7 - PPP with intensity measure yu"_;

e B(o,r) - ball of radius r, H¥(B(o,r)) ~ el V" as r — o

Intersection process:
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Applications: Poisson hyperplane process (hyperbolic)

HY - d-dimensional hyperbolic space

AZYd,l - space of hyperplanes in H¢

uh_, - invariant measure on Af}’d_l
7 - PPP with intensity measure yu’_;
B(o, r) - ball of radius r, H?(B(o,r)) ~ eV as r — oo

Intersection process:

Fa(r) = S UM N Ha0 B(o, )1 {dim(HiN. . Hn) = d = m).
" (Huo Hm)EnT
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Applications: Poisson hyperplane process (hyperbolic)

HY - d-dimensional hyperbolic space

AZYd,l - space of hyperplanes in H¢

uh_, - invariant measure on Az,d—1
7 - PPP with intensity measure yu’_;
B(o, r) - ball of radius r, H?(B(o,r)) ~ eV as r — oo

Intersection process:

Fan(r,~) = % > HTT(HiN...nHRNB(o, r))1{dim(HiN...NHp) = d—m}.
" (Huo Hm)EnT
In particular:

@ Fq(r,7) is a number of intersection points within B(o, r)

o Fi(r,y)=H"" ((UHQ7 H) N B(o, r)) total (d — 1)-dim. measure within B(o, r)
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Applications: Poisson hyperplane process (hyperbolic)

HY - d-dimensional hyperbolic space

AZYd,l - space of hyperplanes in H¢

uh_, - invariant measure on Az,d—1
7 - PPP with intensity measure yu’_;
B(o, r) - ball of radius r, H?(B(o,r)) ~ eV as r — oo

Intersection process:

Fa(r) = S UM N Ha0 B(o, )1 {dim(HiN. . Hn) = d = m).
" (Huo Hm)EnT

In particular:

@ Fq(r,7) is a number of intersection points within B(o, r)

o Fi(r,y)=H"" ((UHQ7 H) N B(o, r)) total (d — 1)-dim. measure within B(o, r)

The regimes v — oo and r — oo are different!

Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabriick 16 /19



Applications: Poisson hyperplane process (hyperbolic)

HY - d-dimensional hyperbolic space

AZYd,l - space of hyperplanes in H¢

uh_, - invariant measure on Af}yd_l
n - PPP with intensity measure yuli_;
B(o, r) - ball of radius r, 19(B(o,r)) ~ /"D as r — oo

Intersection process:

Fa(r) = S UM N Ha0 B(o, )1 {dim(HiN. . Hn) = d = m).
" (Hu,....Hm)€nT

In particular:

@ Fq(r,7) is a number of intersection points within B(o, r)

o Fi(r,y)=H"" ((UHQ7 H) N B(o, r)) total (d — 1)-dim. measure within B(o, r)

The regimes v — oo and r — oo are different!

What do we know about CLT?
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Applications: Poisson hyperplane process (hyperbolic) - CLT

Fin(r,~y) satisfies CLT when v — oo and r fixed (same as in Euclidean case).
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Applications: Poisson hyperplane process (hyperbolic) - CLT

Fin(r,~y) satisfies CLT when v — oo and r fixed (same as in Euclidean case).

Herold, Hug, Thale, 2021: As r — oo we have
@ Fpn(r,) satisfies CLT for d =2, d =3 andany 1 < m< d
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Applications: Poisson hyperplane process (hyperbolic) - CLT

Fin(r,~y) satisfies CLT when v — oo and r fixed (same as in Euclidean case).

Herold, Hug, Thale, 2021: As r — oo we have
@ Fpn(r,) satisfies CLT for d =2, d =3 andany 1 < m< d
@ Fn(r,v) does not satisfy CLT ford =4 and m=1and d >7
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Applications: Poisson hyperplane process (hyperbolic) - CLT

Fin(r,~y) satisfies CLT when v — oo and r fixed (same as in Euclidean case).

Herold, Hug, Thale, 2021: As r — oo we have
@ Fpn(r,) satisfies CLT for d =2, d =3 andany 1 < m< d
@ Fn(r,v) does not satisfy CLT ford =4 and m=1and d >7
@ For other cases see the talk of Tillmann Biihler! no CLT ford >4 and 1< m<d
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Applications: Poisson hyperplane process (hyperbolic) - CLT

Fin(r,~y) satisfies CLT when v — oo and r fixed (same as in Euclidean case).

Herold, Hug, Thale, 2021: As r — oo we have
@ Fpn(r,) satisfies CLT for d =2, d =3 andany 1 < m< d
Fn(r,~) does not satisfy CLT ford =4 and m=1and d > 7
For other cases see the talk of Tillmann Biihler! no CLT ford >4 and 1< m<d
Fn(r,~y) satisfies CLT when r — co and v — oo for all d > 4 and any m
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Applications: Poisson hyperplane process (hyperbolic) - CLT

Fin(r,~y) satisfies CLT when v — oo and r fixed (same as in Euclidean case).

Herold, Hug, Thale, 2021: As r — oo we have
@ Fpn(r,) satisfies CLT for d =2, d =3 andany 1 < m< d
Fn(r,~) does not satisfy CLT ford =4 and m=1and d > 7
For other cases see the talk of Tillmann Biihler! no CLT ford >4 and 1< m<d
Fn(r,~y) satisfies CLT when r — co and v — oo for all d > 4 and any m

Question: Can we see it on the level of concentration inequalities? Namely we aim for

P(|Fm(r,y) — EFm(r,v)| > v/varFm(r,v)s) < exp(—I+(s,r,7y)), 0<s < C(r,7).
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Applications: Poisson hyperplane process (hyperbolic) - CLT

Fin(r,~y) satisfies CLT when v — oo and r fixed (same as in Euclidean case).

Herold, Hug, Thale, 2021: As r — oo we have
@ Fpn(r,) satisfies CLT for d =2, d =3 andany 1 < m< d
Fn(r,~) does not satisfy CLT ford =4 and m=1and d > 7
For other cases see the talk of Tillmann Biihler! no CLT ford >4 and 1< m<d
Fn(r,~y) satisfies CLT when r — co and v — oo for all d > 4 and any m

Question: Can we see it on the level of concentration inequalities? Namely we aim for

P(|Fm(r,y) — EFm(r,y)| > /varFm(r,v)s) < exp(— (s, r,7)), 0<s<C(r,7).

~c-s2 — 00

Gilles Bonnet Concentration: Poisson U-statistic November 29, 2024 - Osnabriick



Applications: Poisson hyperplane process (hyperbolic) - CLT

Fin(r,~y) satisfies CLT when v — oo and r fixed (same as in Euclidean case).

Herold, Hug, Thale, 2021: As r — oo we have
@ Fpn(r,) satisfies CLT for d =2, d =3 andany 1 < m< d
Fn(r,~) does not satisfy CLT ford =4 and m=1and d > 7
For other cases see the talk of Tillmann Biihler! no CLT ford >4 and 1< m<d
Fn(r,~y) satisfies CLT when r — co and v — oo for all d > 4 and any m

Question: Can we see it on the level of concentration inequalities? Namely we aim for

P(|Fm(r,y) — EFm(r,v)| > v/varFm(r,v)s) < exp(—I+(s,r,7y)), 0<s < C(r,7).

In case v — oo and r-fixed Fp,(r,~y) satisfies (A2) [as in Euclidean case] and we have

P(|Fm(r,y) — EFm(r,y)| > /varFm(r,v)s) < exp(—c(r) - s2), 0<s< C(r)vn.
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Applications: Poisson hyperplane process (hyperbolic) - CLT

Fin(r,~y) satisfies CLT when v — oo and r fixed (same as in Euclidean case).

Herold, Hug, Thale, 2021: As r — oo we have
@ Fpn(r,) satisfies CLT for d =2, d =3 andany 1 < m< d
Fn(r,~) does not satisfy CLT ford =4 and m=1and d > 7
For other cases see the talk of Tillmann Biihler! no CLT ford >4 and 1< m<d
Fn(r,~y) satisfies CLT when r — co and v — oo for all d > 4 and any m

Question: Can we see it on the level of concentration inequalities? Namely we aim for

P(|Fm(r,y) — EFm(r,v)| > v/varFm(r,v)s) < exp(—I+(s,r,7y)), 0<s < C(r,7).

In case v — oo and r-fixed Fp,(r,~y) satisfies (A2) [as in Euclidean case] and we have

P(|Fm(r,y) — EFm(r,y)| > /varFm(r,v)s) < exp(—c(r) - s2), 0<s< C(r)vn.

c(r) — 0 as r — o0, so condition (A2) is not good enough in this case and we need to
work with (Al).
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Applications: Poisson hyperplane process (hyperbolic)

Consider U-statistic of order 1: F(r,v)=3_,, HI™Y(H N B(o, r)).
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Applications: Poisson hyperplane process (hyperbolic)

Consider U-statistic of order 1: F(r,v)=3_,, HI™Y(H N B(o, r)).
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Applications: Poisson hyperplane process (hyperbolic)

Consider U-statistic of order 1: F(r,v)=3_,, HI™Y(H N B(o, r)).

Theorem (B., Gusakova, 2024+ )
For v > 1 and sufficiently big r we get

P(|F(r,v) —EF(r,v)| > +/varF(r,v)s) < exp (—c . 52) ,
which holds for

0 < s < Clye)? if  d=2,
0<s<C(ry)"? if  d=3,
0<s<Cy? if  d> 4
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Applications: Poisson hyperplane process (hyperbolic)

Consider U-statistic of order 1: F(r,v)=3_,, HI™Y(H N B(o, r)).
Kabluchko, Rosen, Thale, 2022: If d > 4 and + fixed, then

F _
(r,7) —EF(r,7) 4 wZy 1 o,
e(d—2)r

where Zy is infinitely divisible non-Gaussian with

P(Zy > s) = exp(—slogs(1+ o(1))).
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F — EF
Flen) ZBR) 4, 0z, 1= o,
< -

~n/varF(r,y)
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Applications: Poisson hyperplane process (hyperbolic)

Consider U-statistic of order 1: F(r,v)=3_,, HI™Y(H N B(o, r)).
Kabluchko, Rosen, Thale, 2022: If d > 4 and + fixed, then

F _
(r,7) —EF(r,7) 4 wZy 1 o,
e(d—2)r

where Zy is infinitely divisible non-Gaussian with

P(Zy > s) = exp(—slogs(1+ o(1))).

Theorem (B., Gusakova, 2024+)

Foranyd >4, r >0 and v > 0 we have

]P(F(I’,’)/)—]E(I’,’Y)

@ > s) < exp (—slog(s) + cs), s> c'y.
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Thank you for attention!
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