
Probabistic and Extremal Combinatorics
(mastermath) final examination

model solutions
10 December 2013, 14:00-16:30

• This is a practice exam.

• The total number of points available is 100.

• Write exercises on separate sheets, with your name and student number
written at the top of every sheet. (Sheets without identification may be
discarded.) This is worth 10 points.

Problem 1, 30 points.
Given graphs G and H, the Ramsey number R(G,H) is defined as the least n
such that in any colouring of the edges of Kn with red or blue there is guaranteed
to be a subgraph isomorphic to G all of whose edges are red or a subgraph
isomorphic to H all of whose edges are blue.

(a) Prove that R(K`1 ,K`2) ≤
(
`1+`2−2
`1−1

)
for any positive integers `1, `2.

Prove or cite the Erdős-Szekeres recurrence. State Pascal’s identity and then
write how these combine for the statement.

(b) Show that R(G,H) exists for any G,H.

By part (a), R(Kn(G),Kn(H)) exists, and then the statement is immediate
from the facts G ⊆ Kn(G) and H ⊆ Kn(H).

(c) Prove that R(K`,K`) ≥ n if
(
n
`

)
21−(`

2) < 1.

This amounts to reproducing key ideas in the Erdős lower bound, i.e. defining
the random graph Gn,1/2, computing the expected number of mono K`s, stating
that if this expectation is strictly below 1 then we are guaranteed from this
probability space the existence of some graph with no mono K`s.

(d) Prove that R(C4, C4) = 6 where C4 is a cycle on four vertices.

The upper bound follows from part (a) with `1 = `2 = 4. Note the comple-
ment of C5 is isomorphic to C5 — one cycle can be considered the set of blue
edges, while the other is the set of red edges. As C4 6⊆ C5, this colouring verifies
R(C4, C4) > 5.



Problem 2, 30 points.
A family F of sets is intersecting if every pair of members of F have an element
in common.

(a) Show that an intersecting family F ⊆
(
[2k]
k

)
has at most

(
2k−1
k−1

)
members.

This is a special case of the Erdős-Ko-Rado theorem (and writing that
would qualify for full points), but you would do well to give the following

argument. The family
(
[2k]
k

)
can be partitioned into at most 1

2

(
2k
k

)
=

(
2k−1
k−1

)
self-complementary pairs of members, and any intersecting subfamily can only
take one partner from each of these pairs.

A family F of subsets of [n] is regular if every element of [n] is contained in
a constant number of members of F . For the next part, you may assume the
following result: if k is not a power of 2, then

(
2k−1
k−1

)
is even and there exists a

regular intersecting subfamily of
(
[2k]
k

)
with

(
2k−1
k−1

)
members.

(b) Assuming k is not a power of 2, construct a regular intersecting family of
subsets of [k] with 2k−1 members.

Since 2k is not a power of two, the result given guarantees a regular inter-
secting family of k-subsets of [2k]. By the argument in (a), this family consists

of exactly one partner from each of the self-complementary pairs in
(
[2k]
k

)
. To

this family, we add every member of
(
[2k]
`

)
for every ` > k. The resulting family

is intersecting by size considerations. Since each family
(
[2k]
`

)
is regular, the

resulting family is also regular. Since this family has exactly one partner from
every self-complementary pair in 2[2k], it has 2k−1 members.

(c) If k ∈ {2, 4}, show that there is no such family.

For k = 2, {{1}, {1, 2}} and {{2}, {1, 2}} are the only non-trivial intersecting
families, and neither is regular. For k = 4, we again use the property that the
family has exactly one partner from each of the self-complementary pairs in 2[4].
The family cannot have any singleton set or else every set in the family contains
that singleton, yielding a non-regular family. So the family must consists of the
set [4], all of

(
[4]
3

)
, and half of

(
[4]
2

)
. For this to be regular, we then have that

that every element of [4] is contained in (1 · 4 + 4 · 3 + 3 · 2)/4 which is not
integral.



Problem 3, 30 points.
Let G = (V,E) be a triangle-free graph with |V | = n. Recall for A,B ⊂ V the
density of (A,B) is

d(A,B) =
e(A,B)

|A||B|

and for ε > 0 the pair (A,B) is ε-regular if, for any A′ ⊆ A,B′ ⊆ B, with
|A′| ≥ ε|A|, |B′| ≥ ε|B|, we have

|d(A′, B′)− d(A,B)| ≤ ε.

(a) State the Szemerédi regularity lemma. Let ε > 0 and apply the lemma to
obtain an ε-regular partition V = V0 ∪ V1 ∪ · · · ∪ Vk of G.

Full points awarded when the definition of ε-regularity of a partition and the
theorem statement are both given.

A partition V = V0∪V1∪· · ·∪Vk is ε-regular if |V1| = · · · = |Vk|, |V0| ≤ ε|V |,
and all but at most εk2 pairs (Vi, Vj) are ε-regular.

For any ε > 0 and m ∈ Z+, there exists M such that, if G has at least M
vertices, then there is an ε-regular partition V = V0∪V1∪· · ·∪Vk of G for some
k satisfying m ≤ k ≤M .

Let R = ([k], E(R)) be the auxiliary graph formed by letting ij ∈ E(R) if and
only if (Vi, Vj) is an ε-regular pair with density greater than ε.

(b) Letting GR = (V \ V0, E(GR)) be the subgraph of G which includes only
the edges between parts Vi and Vj for which ij ∈ E(R), show by choosing
ε small enough and a parameter in the regularity lemma large enough that
(1− ε)n ≤ |V \ V0| ≤ n and 0 ≤ e(G)− e(GR) < 2εn2.

This asks to show the “reduced” graph approximates the original graph.
The first interval follows immediately from the definition of an ε-regular

partition.
Choose m > 1/

√
ε in the application of the regularity lemma so that 1

(k+1)2 <

ε. The estimate 0 ≤ e(G)− e(GR) ≤ n2

2(k+1)2 + εk2 n2

(k+1)2 + k2εn2

2(k+1)2 < 2εn2 also

follows from the definition of an ε-regular partition.

(c) Show that R is triangle-free.

This is an easier form of one step in the proof of the triangle removal lemma.
Suppose 123 is a triangle in R. Set Small21 = {v ∈ V1 | degV2

(v) < ε|V1|}.
Suppose, to the contrary that |Small21| ≥ ε|V1|. Then by definition

eG(Small21, V2) <
|Small21|ε|V1|
|Small21||V2|

= ε,



a contradiction. So |V1 \ Small21| > (1 − ε)|V1|. Similarly, |V1 \ Small31| >
(1− ε)|V1|, so

|V1 \ Small21 \ Small31| > (1− 2ε)|V1| > 0,

if ε < 1/2. So take v1 ∈ V1\Small21\Small31. Thus, |NV2(v1)|, |NV3(v1)| ≥ ε|V1|.
By ε-regularity of (V2, V3) and d(v2, v3) > ε, we see eG(NV2

(v1), NV3
(v1)) > 0.

Thus there is a triangle in G, a contradiction.


