
Probabilistic and Extremal Combinatorics 2018, Lecture 1
Version: October 12, 2018

§0. Course set-up

There are (mandatory) homeworks, due roughly every 2 weeks. They count for 40%. The written exam counts for
60%. However the retake is “clean slate”, meaning homeworks are not taken into account.
If you do both the standard exam and the retake then which one determines your final grade (last obtainded grade,
maximum, minimum, ...) depends on the policy of your home university.
We plan to make lecture notes available for every lecture. These should cover everything we did in the lectures.
Recommended, but not necessary, books are:

• Alon and Spencer, The probabilistic method, 3rd edition;

• Jukna, extremal combinatorics, 2nd edition.

§1. What is this course about?

Rather than some sort of general description, we’ll give you an appetizer for the course, consisting of examples of
a few of the topics we’ll cover.

§1.1. Ramsey Theory

Party trick : at a party with n ≥ 6 people, there are always either 3 people that have previously met each other
(i.e. each pair among the three has shaken hands), or three people that have not met before (i.e. each pair among
those three has not shaken hands).
This is of course a statement of mathematics, and not social science. Alternatively we can state it as follows. If
you colour the edges of the complete graph Kn on n ≥ 6 vertices with two colours, red and blue, then there will
always be a red triangle, or a blue triangle, or both.

Exercise. Show that, for all n≥ 6, in every red-blue colouring of the edges of Kn there is a monochromatic
triangle.
(Monochromatic = “of one colour”)

The following picture shows that 6 is best possible in this statement:
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This “party problem” is a simple example of what is called Ramsey theory. For s, t ∈ N let us denote

R(s, t) := inf{n : in every red-blue colouring of the edges of Kn there is either a red Ks or a blue Kt}.

These are called the Ramsey numbers.

Theorem. [Ramsey 1928] R(s, t)< ∞.

(This will be proved in a later lecture.) The values of R(s, t) are, for most values of s, t, not known at this time in
spite of having been studied rather intensively for many decades. The diagonal Ramsey numbers R(t, t) have in
particular attracted a lot of attention. As we mentioned above, R(3,3) = 6. It is also known that R(4,4) = 18, but
the value of R(5,5) is already open.
Perhaps slightly less ambitiously than determining the exact values of R(t, t), we might ask for the “asymptotic
behaviour” as t grows large. It known that (√

2
)t
≤ R(t, t)≤ 4t ,

but (apart from some small improvements) no better bounds are known. They differ by a multiplicative factor that
is exponentially large!

§1.2. Arithmetic progressions

An arithmetic progression of length k is a sequence of integers of the form

a,a+b,a+2b, . . . ,a+(k−1)b.

Theorem.[Van der Waerden, 1927] If you colour the natural numbers N with k colours, that is if you
partition

N=V1]·· ·]Vk,

then there is a part Vi that contains arithmetic progressions of all lengths.

(Note that containing APs of all lengths is not the same as containing an infinite AP.) Again, the proof will be
covered in future lectures.
The upper density of a set A⊆ N is defined as follows:

ρ(A) := limsup
n→∞

|A∩{1, . . . ,n}|
n

.

If we partition N into k sets, at least one of these must have non-zero upper density. (Try to convince yourself
why this must be true.) Erdős and Turán suggested that the colouring in Van der Waerden’s theorem above is
non-essential in the sense that every set of positive upper density must contain APs of all lenghts.

Conjecture. [Erdős-Turán, 1936] If A⊆ N has positve upper density then A contains APs of all lenghts.

2



Many years later this conjecture was finally resolved by Szemerédi.

Theorem. [Szemerédi, 1975] The Erdős-Turán conjecture holds.

The proof is very involved and uses combinatorial and probabilistic ideas. We will not be able to cover the proof in
the course, but we will be able to cover one of the main ingredients, the Szemerédi regularity lemma. Informally, it
can be summarized as “large graphs with sufficiently many edges behave like random graphs”. This will be made
precise in later lectures. The Szemerédi’s regularity lemma has proved to be a very useful tool for lots of problems
in combinatorics and beyond.
A related result that we mention here, but will not be able to cover in the lectures because it is too involved, is the
following striking theorem of Ben Green and Terry Tao

Theorem. [Green-Tao, 2004] The primes contain APs of all lengths.

Note that, by the prime number theorem, the primes have upper density zero. The proof of Green and Tao amongst
other things involved a suitable apadtation of the regularity lemma.

§1.3. Additive combinatorics

A set A⊆ {1, . . . ,n}=: [n] is called sum-free if ∀a,b ∈ A : a+b 6∈ A.

How large can such a set be (as a function of n)?

({1,3,5, . . .} is sum-free, so n/2 is a lower bound.)
How many subsets of [n] are sum-free? Again, we will discuss this later on in the course.

§1.4. Discrete geometry

Let X ⊆ R2 be a finite set of points. What is the minimum number of distinct distances that can occur? I.e., what
is

f (n) := min
X⊆R2
|X |=n

|{‖x− y‖ : x,y ∈ X}|.

(The maximum number of distances is trivially
(n

2

)
.) If you take

X := {(1,0),(2,0), . . . ,(n,0)},

then we see that f (n)≤ n. But how much smaller might it be?
In 1946, Erős conjectured that f (n)≥ n1−o(1). (Here o(1) denotes a quantity that goes to zero with n. So, in other
words, the conjecture says that for all ε > 0, f (n)≥ n1−ε for all sufficiently large n.)
This cojecture was proved recently by Guth and Katz in 2015, who showed that f (n)≥ c n

logn for some constant c.

Another, related, question is : how many times can the distance one occur among the points of X?

§2. Extremal Set theory.

The word “extremal” in the course title and the title of this section refers to extremum, i.e. a maximum or a
minimum. In extremal combinatorics we generally seek to minimize or maximize some quantity over all objects
in some family of (discrete) objects.

§2.1. The Erdős-Ko-Rado theorem

Let V be a finite set with n = |V | many elements, let k ≤ n and let F be set of subsets of V , each of cardinality
exactly k. Notation:

F ⊆
(

V
k

)
(:= {A⊆V : |A|= k}) .
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We often say that a set of sets F is a “family” of sets, so that we don’t use the word “set” too many times and to
emphasize that we are on a higher level of abstraction than when we are talking about the elements of the “base
set” V .
We say that F is intersecting if every two elements of F intersect. That is, if A∩B 6= /0 for all A,B ∈F .

How large can such an intersecting family be?

Some thought shows that if k > n/2 then every two subsets of V of size k intersect. Hence the largest possible
intersection family is F =

(V
k

)
which has

(n
k

)
elements, of course.

If k ≤ n/2 then the situation is not as simple. One candidate for a large intersection family is to fix some element
v ∈V and let F := {A⊆V : |A|= k,v ∈ A}. Then clearly we have |F |=

(n−1
k−1

)
.

The Erdős-Ko-Rado theorem shows that this is also best possible.

Theorem. [Edős-Ko-Rado, 1961] If V is finite, k≤ |V |/2 and F ⊆
(V

k

)
is intersecting, then |F | ≤

(|V |−1
k−1

)
.

We will now start to give a proof of the EKR theorem. The proof we will give is due to Gyula Katona, and uses
the “probabilistic method”. That is, we use ideas and results from probability theory to prove statements that
seemingly have nothing to do with probability.

For convenience we take, without loss of generality, V = {0,1, . . . ,n− 1}. Throughout F ⊆
(V

k

)
denotes an

arbitrary intersecting family. For 0≤ s≤ n−1 we will write

As := {s,s+1, . . . ,s+ k−1},

where addition is modulo n.

Lemma. F contains at most k of the sets A0,A1, . . . ,As−1.

Proof. If no As ∈F then we are done. Otherwise, pick s ∈V such that As ∈F and consider the k−1 pairs

As−i,As+k−i (i = 1, . . . ,k−1).

(again addition of the indices is mod n here.) We remark that if f |t− t ′| ∈ k, . . . ,n− k then At ∩At ′ = /0.
(To see this, think of the elements 0, . . . ,n− 1 arranged on a circle. Then each At consists of k consecutive
elements.)
So in particular, since As ∈F , if At ∈F and t 6= s then we must have that t = s− i or t = s+ k− i (mod n) for
some 1≤ i≤ k−1. Similarly, since s+ k− i− (s− i) = k (also mod n) we have that As−i∩As+k−i = /0. So we can
have at most one from each pair in our F . It follows that F indeed contains no more than 1+(k−1) = k elements
of the form At . (The 1 is for As the k−1 for the pairs.) �

For σ : V →V be a permutation (i.e. bijection from a set to itself), we denote

Aσ
s := {σ(s),σ(s+1), . . . ,σ(s+ k−1)},

(addition again mod n).

Corollary. For every permutation σ , F contains at most k of the sets Aσ
0 , . . . ,A

σ
n−1.

Proof. Since F an intersecting family of k-sets, the same is true for

F ′ := {σ−1[A] : A ∈F}.

Note that σ−1[Aσ
s ] = {s,s+1, . . . ,s+ k−1}= As. By the lemma, F ′ has no more than k elements of the form At ,

and hence F can have no more than k elements of the form Aσ
t . �

Proof of EKR: We let σ : V → V be a random permutation (chosen uniformly at random from all possible per-
mutations of V ) and we let i ∈V be a random element of V (chosen uniformly at random from all elements – and
independently of σ ). We now consider the random set A := Aσ

i . By the corollary, for every fixed permutation σ0:
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P(A ∈F |σ = σ0)≤
k
n
.

(There are at most k choices of i such that Aσ0
i ∈F .) Hence

P(A ∈F ) = ∑
σ0

P(A ∈F |σ = σ0)P(σ = σ0)≤∑
σ0

k
n
P(σ = σ0) =

k
n
.

On the other hand, every k-element set S ∈
(V

k

)
is equally likely. One way to see this is to fix a k-set S = {s1, . . . ,sk}

and an element i0 ∈V and note that

P(A = S|i = i0) = P(σ(i0) ∈ S,σ(i0 +1) ∈ S, . . . ,σ(i0 + k−1) ∈ S) =
k
n
· k−1

n−1
· · · · · 1

n− k+1
=

1(n
k

) .
(The second equality is basic first year probability.) Similarly to before this gives

P(A = S) = ∑
i0

P(A = S|i = i0)P(i = i0) = ∑
i0

1(n
k

)P(i = i0) =
1(n
k

) .
.
Therefore

|F |(n
k

) = P(A ∈F )≤ k
n
.

.
In other words,

|F | ≤ k
n

(
n
k

)
=

(
n−1
k−1

)
.

�

§2.2 The Frankl-Wilson theorem.

In the EKR theorem we “forbid” intersections of size 0. What can be said if instead we look for a maximal size
family of k-sets no pair of which has an intersection of size 0 < s < k?
A partial answer is given by the theorem below. It might look a bit technical but it has some very nice consequences
as we will see in future lectures.

Theorem. [Frankl-Wilson 1981] Let p be a prime number, let V be a set of finite size n ≥ 2p and let
F ⊆

( V
2p−1

)
be such that no two members of F intersect in precisely p−1 elements. Then

|F | ≤
(

n
0

)
+

(
n
1

)
+ · · ·+

(
n

p−1

)
.

Trivia: Peter Frankl is a gifted Hungarian mathematician, who – according to wikipedia – speaks 12 languages and
at some point was a game-show host in Japan.

Exercise. Show that there exists a constant γ > 1 such that for all p > 1 :( 4p
2p−1

)(4p
0

)
+
(4p

1

)
+ · · ·+

( 4p
p−1

) > γ
p.

(this will occur on some future problem sheet.)
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