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§6. The crossing number and the Szemeredi-Trotter theorem

§6.1. The crossing number

During WW2, Turán, who was Jewish, was put to work in a brick factory by the Hungarian fascists. The bricks
were moved between different parts of the factory using carts that were pushed on a system of rails. At the points
where different tracks crossed the carts would wobble and bricks would fall out or the carts would even topple.
This made Turán wonder about the question of how to draw a given graph in the plane with the minimal number of
crossings. He invented a new graph parameter, the crossing number, denoted cr(G), which is the least number of
crossings in a drawng of G in the plane. (So in particular planar graphs are precisely those graphs with cr(G) = 0.)
Aside : according to the story, one of the guards of the labour camp was a former student of mathematics who
admired Turán’s work and let him off the hook sligthly so he could ponder maths rather than push bricks around
all day.

Not much later the following conjecture was made, which remains open to this day.

Conjecture. [Zarankiewicz, 1951] cr(Kn,m) = b n
2c · b

n−1
2 c · b

m
2 c · b

m−1
2 c.

This number can be achieved by drawing the m points of the one part of Kn,m on the x-axis and the n points of the
other part on the y-axis and drawing edges as straight lines.

A drawing of K4,7 with 18 crossings. Source : David Eppstein.

As you can imagine, proving such a precise result appears to be extremely challenging. The problem remains open
to this day, but not for want of trying.

In a different and slightly less ambitious direction, we might want to find good bounds on the crossing number for
general (arbitrary) graphs. The following result provides such a bound.

Theorem. [crossing number inequality, Ajtai-Chvátal-Newborn-Szemeredi 1982 / Leighton 1983]

cr(G)≥ e(G)3

64v(G)2 ,

provided e(G)≥ 4v(G).

Consider a drawing of Kn. There are n vertices and
(n

2

)
edges, so the crossing number inequality gives

cr(Kn)≥
(n

2

)2

64n2 = Ω(n4).
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Since there are
(n

2

)2
= O(n4) pairs of edges, we have cr(Kn) = O(n4). This shows that up to the choice of the

constant 64 and the choice of the lower bound e(G) ≥ 4v(G), the crossing number inequality is “sharp”. Note
also that some lower bound on the number of edges is necessary : take for instance a tree on n vertices. It has
n−1 edges yet can be drawn without crossings. The existence of triangulations (discussed by Ross in one of his
lectures), which are planar graphs with e(G) = 3v(G)− 6 edges shows we certainly cannot replace the bound by
e(G) ≥ γ · v(G) for any constant γ < 3 and still hope to get a nonzero lower bound for the crossing number. We
briefly recall the following result (already covered by Ross):

Lemma. If G is planar then e(G)≤ 3v(G); if G is planar and v(G)≥ 3 then e(G)≤ 3v(G)−6.

Proof. We can assume that G is such that the addition of any edge not present in G will yield a non-planar graph.
(By adding edges to G until this is the case.) Consider a crossing-free drawing of G in the plane. Then every face
must be a triangle (otherwise, if there is a non-triangular face then we can add an edge inside this face without
introducing crossings).

<a plane graph with a six face and an edge we can add (dotted, in red)>

By counting face-edge incidences (i.e. pairs of a face and an edge such that the edge is on the boundary of the
face), we see that

3 f = 2e,

as every face has three edges on its boundary (giving the LHS) and every edge is on the boundary of two faces
(giving the RHS). Filling this into the Euler relation we find

2 = v− e+ f = v− e+
2
3

e = v− 1
3

e⇔ e = 3v−6.

This holds for planar graphs with the maximal number of edges, so in general e(G)≤ 3v(G)−6.
There is however one slight problem : if v = 1 then 3v−6 =−3 and if v = 2 then 3v−6 = 0. So clearly the bound
is nonsense then.

What went wrong?

Well ... when v(G) = 1,2 then the procedure of adding edges until every face is a triangle cannot be carried out. If
there are < 3 vertices there obviously cannot be a 3-face. If there are 3 or more vertices then we are fine though. To
repair this, we note that e(G)≤ 3v(G) holds for graphs with v(G) = 1,2 and by the previous for all planar graphs
with ≤ 3 vertices. �

Proof of the crossing number inequality. By the above lemma, for every graph G:

cr(G)≥ e(G)−3v(G). (1)
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(Fix a drawing of G with the least number of crossings, and let G′ ⊆ G be a planar subgraph with the largest
possible number of edges. Every edge e ∈ E(G)\E(G′) must cross some edge of G′, otherwise G′ would not be
maximal.) This equality does not yet look anything like the inequality in the statement of the crossing number
inequality.
To remedy that we apply the probabilistic method, sometimes also called “Erdős magic”. Let G be as in the
statement of the crossing number inequality and let Gp ⊆ G be a random subgraph, obtained by keeping each
vertex of G with probability p, independently of all other vertices. (An edge of G is present in Gp iff. both its
endpoints are kept.) We note that

Ev(Gp) = p · v(G), Ee(Gp) = p2 · e(G),

and by considering an optimal drawing of G:

Ecr(Gp)≤ p4 · cr(G).

(A subtle points here is that if we randomly erase from a drawing of G the points and edges that were not kept we
get a drawing of Gp that may not be optimal. I.e. even if G is drawn with the minimal number of crossings, the
drawing of Gp that it contains may have more crossings than are strictly necessary. Hence the inequality is not an
equality.) By (1) we of course have

Ecr(Gp)≥ Ee(Gp)−3 ·Ev(Gp). (2)

Putting things together we obtain

p4 · cr(G)≥ p2 · e(G)−3p · v(G).

This holds for every probability p ∈ [0,1]. So in particular it holds for

p :=
4v(G)

e(G)
.

(Note that this is ≤ 1 and thus a valid probability since e(G)≥ 4v(G).) We have

cr(G)≥ p−2 · e(G)−3 · p−3v(G) =
e(G)2

16v(G)2 · e(G)−3 · e(G)3

64v(G)3 · v(G) =
e(G)3

64v(G)2 .

�

Remark. Note that we cannot replace the RHS of (2) by Ee(Gp)−3 ·Ev(Gp)+6, no matter how many vertices G
has. There is always a probability that Gp has < 3 vertices, and for p close to zero this probability is in fact large.
Also, the inequality p4 · cr(G)≥ p2 · e(G)−3p · v(G)+6 is of course nonsense when p↘ 0.

So far we have been a bit vague about what precisely a “crossing” is. Is it a pair of edges that cross, or a point on
two edges?

One or two crossings?

In fact it is an open problem whether these two notions lead to an essentially different graph parameter. I.e., does
there exist a graph G so that its crossing number will be different using the two different definitions of a crossing?
See the nice paper “which crossing number is it anyway?” by Pach and Tóth for more information.
Of course the answer to this last question would be yes if we could show that there is always an optimum drawing
(for the second definition) in which every pair of edges crosses at most once. In a rectilinear drawing, that is a
drawing where every edge is a straight line segment, this is trivially the case. But of course we may not be able to
achieve the minimum number of crossings (over all drawings) in a rectilinear drawing. A classical, relevant result
is:
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Theorem. [Wagner 1936, Fáry 1948] If G is planar then it has a rectilinear drawing that is crossing free.

We do not cover the proof of this nice theorem, but we encourage you to try and prove it yourself, or look it up.
Let us denote by rcr(G), the rectilinear crossing number, that is the minimum number of crossings in a rectilinear
drawing of G. Put differently the above theorem states that cr(G) = 0⇔ rcr(G) = 0.
We mention the following striking extension of the Wagner-Fáry theorem.

Theorem. [Bienstock-Dean, 1993]

(i) If cr(G)≤ 3 then rcr(G) = cr(G);

(ii) For every k > 4 there exists a G with cr(G) = k, rcr(G)> k.

The proof is rather involved and in fact the published paper omits the proof of the case when cr(G) = 3 (“to save
space”).

To conclude this subsection, let us point out that while the crossing number is of course a really fun math problem
to play around with, it is also linked to applications in the real world such as the design of computerchips.

§6.2. The Szemeredi-Trotter theorem, and unit distances

Let P⊆ R2 be a set of points and L a set of lines. The number of point-line incidences is defined as:

I(P,L) := |{(p, `) : p ∈ P, ` ∈ L, p ∈ L}|.

That is, the number of pairs of a point and a line such that the point is on the line. How large can I(P,L) be?

Theorem. [Szemeredi-Trotter 1983] I(P,L)≤ 4(|P||L|)2/3 +4|L|+ |P|.

Proof. For convenience we write n := |P|,m := |L|. We define a graph G with V (G) = P and pq ∈ E(G) iff. they
are consecutive on some line of L. (I.e. if as we traverse some line of L then we meet the points of P that are on L
in some order. pq ∈ E(G) if p comes either immediately before q or immediately after q in this order.)

some points and lines

Let us denote by k` the number of points of P on the line `. Assuming k` > 0, the k` points of P that lie on ` divide
` into k`+ 1 segments, the first and last of which are “rays” (half infinite) and the others each coincide with an
edge of G. Hence line ` lie exactly k`−1 edges of G. Hence

e(G) = ∑
`∈L

k`−1 = I(P,L)−m.

(The last equality holds because the sum over all lines of k` is exactly the number of point-line incidences.) Of
course the lines and point form a straight line drawing of G. Since two lines cross at most once
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cr(G)≤
(

m
2

)
< m2.

Let us note that by the crossing number inequality

cr(G)≥ e(G)3

64v(G)2 − v(G),

an equality that holds for every G. (If e(G) ≥ 4v(G) this is trivial. If e(G) < 4v(G) then e(G)3/64v(G)2 <
(4v(G))3/64v(G)2 = v(G).) Rewriting this we get

cr(G)≥ (I(P,L)−m)3

64n2 −n.

Hence

m2 ≥ (I(P,L)−m)3

64n2 −n⇔ (I(P,L)−m)3 ≤ 64n2(n+m2).

We now note that

64n2(n+m2) = 64n3 +64n2m2 ≤
(

4n+4(nm)2/3
)3

.

(by Newton’s binomium). Taking 3rd roots and moving m over to the other side gives

I(P,L)≤ m+4n+4(nm)2/3,

as required. �

In the next homework sheet you will be asked to prove the following variation of the Szemeredi-Trotter theorem.

Exercise. Let P⊆R2 be a finite set of points, let C be a set of unit circles in the plane, and let I(P,C) denote
the number of point-circle incidences. Show that

I(P,C) = O
(
(|P||C|)2/3 + |P|+ |C|

)
.

We now discuss an example showing that the bound of Szemeredi and Trotter is “sharp” up to the choice of
constants. We fix some integer k ∈ N and set

P := [k]× [4k2], L := {y = ax+b : a ∈ [k],b ∈ [2k2]}.

Let us observe that

|P|, |L|= Θ(k3).

We also observe that for each z = 1, . . . ,k, each line ` ∈ L contains some point p ∈ P with x-coordinate equal to z.
(To see this, we just fix z∈ [k],a∈ [k],b∈ [2k2] and note that az+b is an integer with 1≤ az+b≤ k2+2k2 ≤ 4k2.)
By this last observation

I(P,L)≥ k · |L|= Ω(k4).

The Szemeredi-Trotter theorem states that

I(P,L)≤ 4(|P||L|)2/3 +4|L|+ |P|= O(k4),

so indeed the inequality is sharp up to the multiplicative constants.

In 1946, Erdős asked about the maximum number of unit distances that can occur in a set of n points in the plane.
I.e. he considered

u(n) := max
P⊆R2 ,
|P|=n

|{{p,q} : p,q ∈ P,‖p−q‖= 1}|.
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By considering the points {(1,0),(2,0), . . . ,(n,0)} we get the obvious lower bound u(n) ≥ n− 1. A much more
nontrivial lower bound is:

Theorem. [Erdős 1946] there exists a constant c > 0 such that u(n)≥ n1+ c
log logn .

(For n sufficiently large.)

He also offered a money prize of 500 dollars to anyone that can prove the existence of a constant d such that

u(n) ≤ n1+ d
log logn . This problem remains unsolved and even though Erdős has died some time ago, if you solve it

you can still claim the money prize. (Which will be paid out by Ron Graham.)
A trivial upper bound is of course u(n) ≤

(n
2

)
but it is not that easy to come up with a substantially better upper

bound. Making use of the variation of the Szemeredi-Trotter theorem from the above exercise, some progress on
the problem was made in 1984:

Theorem. [Spencer,Szemeredi,Trotter 1984] u(n) = O(n4/3).

Proof. Let P be a set of n points in the plane, and let C denote the set of unit circles with centres in P. (So there are
n of those.) Each pair of points p,q of distance exactly one contributes two incidences to I(P,C) : the one where p
is on the circle with centres q and the one where q is on the circle with center p. Hence

2 ·# unit distances = I(P,C)
exercise
≤ O

(
(n ·n)2/3 +5n

)
= O

(
n4/3

)
.

�
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