Cell shapes suitable for
the shift transformation
method

Freek van der Blij

Institute for Mathematics
and Computing Science






Cell shapes suitable for
the shift transformation method

Freek van der Blij (s1277332)

under supervision of
Dr.ir. R.W.C.P. Verstappen and Dr.ir. X. Trias

Abstract

Hicken et al. introduced the use of shift transformations to obtain a fully conservative method
on an unstructured Cartesian mesh. In this work, this method is investigated on its possibil-
ities to implement on other unstructured grids, with a main focus on the triangulated mesh.
By means of a Taylor series development of the error, a matrix is constituted, which rank
is related to the possibility of constructing a second order accurate shift transformation, as-
suming the underlying velocity field is incompressible. An analysis of the linear dependencies
between the rows of this matrix yields the proof of the main theorem of this report. This
theorem states that one cannot find such a second order accurate shift transformation on
triangles while using its circumcenter as the center of the cell. Furthermore, it is proven that
of all the quadrilaterals, only the rectangles are appropriate cell shapes in combination with
the circumcenter.

Explanation of the cover

The main goal of this work is to examine whether some kind of averaging of the vectors on the
faces of a shape can be constructed on a triangle, so as to determine a sufficiently accurate
value at the circumcenter. This turns out to be impossible; just as the Penrose triangle is not
(fysically) possible.
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Chapter 1

Introduction

Many studies on the simulation of the famous equations of Claude Navier (1822) and George
Stokes (1845)

1
8tu+(u~V)u—EV~Vu+Vp:0 (1.1)
Vou=0 (1.2)

focus on the balance between the conserving properties and the accuracy of the discretization
of these equations. The challenge to combine both resulted in different methods: for example
the spectral methods, accurate and fast, but limited to simple geometries, and the methods
where the local truncation error is minimized, at the same time causing a loss of the conserva-
tion properties on nonuniform grids, which are present in the continuous formulation (see [1]).
This lack of conservation means also a lack of stability, unless artificial dissipation is added.
But the hereby disturbed balance between convective transport and physical dissipation, es-
pecially at the smallest scales of motion, strains the possibility of simulating turbulence. This
motivates the study to conservative discretizations on nonuniform grids.

The variables on those grids can be arranged in different ways. The most common variants are
the staggered mesh scheme, dating originally from Harlow and Welch [2], and the collocated
scheme; the difference lies in the positioning of the velocity. The staggered scheme places
the velocities halfway along the faces in the direction of the normals, whereas the collocated
scheme situates them in the pressure-center (see Figure 1). Observe that in the collocated
scheme still variables are defined on the faces, namely the fluxes. Those are used to enforce
mass conservation and should actually not be considered as solution variables, but rather as
coupled to the pressure-centered velocity field through an interpolation (see [3] and [4]).
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Figure 1.1: Staggered (1) and collocated (r) scheme

Both schemes have advantages and disadvantages. When using a collocated scheme, one can
easily construct conserving convective and diffusive operators. However, the energy conser-
vation requires a relation between the gradient and the divergence operator (see [3]), which
implies a decoupling of the pressure-field (also known as the checkerboard problem). The stag-
gered scheme at its turn does not experience these decoupling difficulties; the problem here
is to define a conservative convective and diffusive operator. These properties are summed
up in the tabular below (where, of course, the minus means a difficult discretizable operator
and a plus, a straightforward discretizable operator).

Staggered scheme | Collocated scheme
Convection - +
Diffusion - +
Pressure gradient + -
Conservation of mass + -

In this work, we will look at staggered grids, following Hicken et al. [3], and generalize towards
the investigation of a scheme for unstructured staggered grids, and amongst them, especially,
the triangulated one.

For staggered, structured Cartesian grids, schemes were obtained which conserve total mass,
momentum and, if the physical dissipation is turned off, kinetic energy. Perot [5] treats the
conservation of momentum, kinetic energy and circulation of two discretization schemes on
unstructured staggered meshes.

Verstappen and Veldman [1] introduced the notion of mimicking crucial properties of the dif-
ferential operators. They provide a discretization on a structured Cartesian grid, which not
only conserves the above mentioned physical properties (total mass, momentum and kinetic
energy), but also inherits a preservation of the symmetry of the differential operators. The
skew-symmetric convective and symmetric diffusive difference operator ensure a uncondition-
ally stable and conservative discretization.

Hicken et al. [3] succeeded to generalize the ideas of Verstappen & Veldman and Perot. They



used transformations to shift the staggered variables into collocated ones and vice versa, which
enabled them to use collocated operators for both the convective and the diffusive term of the
Navier-Stokes equations. By using symmetric collocated operators and shift transformations
which satisfy certain constraints, the combination of those operators and transformations
yielded a symmetry-preserving discretization.

In their article, Hicken et al. [3] elaborated their idea about the shift transformation for an
unstructured, time-adaptive Cartesian mesh; the question remains whether it also works on
general unstructured meshes. For example, a very current mesh is a triangulated one, which
approximates curves a lot better than a rectangular mesh. The main objective of this work
will thereby be to investigate the possibility of developing a fully conservative, symmetry-
preserving discretization on a triangulated mesh, using the technique of shift transformations.
This will be done in 2D, using a Cartesian coordinate system.

Having investigated the triangulated case, the logical consecutive question arising is of a more
general nature: to which cell shapes does the technique of shift transformations apply? As
this is a very broad subject, it will only be partially treated in this article; the rest is left for
further research.
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Chapter 2

Overview of the shift
transformation method

Before we get to the principal part of this article - the answer to the questions addressed at the
end of the previous chapter - a brief overview of the shift transformation method introduced
by Hicken et al. [3] will be given. Although the rest of the article will focus on the 2D
problem, this overview will treat a 3D method, in accordance with the article of Hicken et al.
3].

2.1 Discretization

The matrix-vector notation of the spatial discretization of the Navier-Stokes equations ((1.1)
and (1.2)) on a staggered mesh is given by

dug
dt

Q + C(u)us + Dus + QGp, = 0, (2.1)

Mu, = 0, (2.2)

In this equation, 2 stands for the matrix consisting of the volumes of the cells and ug is the
vector of staggered velocities. C'(u) and D are respectively the convective and the diffusive
operators, where C(u) depends on u emphasizing its non-linearity. Furthermore, G is the
gradient operator and the pressures constitute the vector p.. Finally, M is the divergence
operator.

Before treating the shift transformations, which will get the collocated operators to be appli-
cable on a staggered scheme, we will consider the collocated operators themselves.

First, the collocated convective operator C.(u) acting on a collocated variable ¢. at some
cell k, is defined as

[Ce(u)gelr = Z (gbkgﬂflf[]f (2.3)

fer(k)
where f stands for a face in the set F'(k) of all faces bordering the pressure-cell k, and A is
the area of this face. Furthermore, Uy is defined as uy - ny, so it represents the discrete face
normal velocity. Finally, ¢, is the collocated variable in cell k and ¢; is the collocated variable
in the other cell bordering f, with the convention that the normal vector always points from

7
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cell k to cell j (see Figure 2.1).

Figure 2.1: The cells k and j with the normal vector

Because the velocity vector (on which C'(u) eventually will act) consists in each collocated cell
of 3 Cartesian components (and say all the collocated velocities are sorted in a vector starting
with all the x-components, followed by the y-components and finally the z-components), a
matrix is needed to let the collocated convective operator act on the velocities

Ce(u) 0 0
Cy(u) = 0 Ce.lu) 0 (2.4)
0 0 Ce(u)

Next, consider the collocated diffusive operator, which will lead us to a staggered equivalent.
It reads ) (6 — d)A
Doty = — 95— Pk)Af 2.
S D (25)
fer (k)

This is the same diffusive operator as the one used by Hicken et al. [3], where ony = AVy /Ay
is an approximation of the distance between the centers of the cells ¢; and ¢o. As in the
convective case, a matrix is build to cope with the 3 Cartesian velocity components, resulting
in the diffusive collocated operator

D, 0 0
D,=| 0 D. 0 (2.6)
0 0 D

[

2.2 Shift transformation from staggered to collocated vari-
ables

In order to (indirectly) use the defined collocated operators to discretize convection and diffu-
sion on a staggered mesh, a shift transformation from the staggered to the collocated variables
is needed. There are several possibilities, but to keep it simple, we restrict ourselves to shift
transformations involving only immediate faces of a cell. Naturally, neighbouring cells can be
taken into consideration, but this imposes a lot of difficulties on unstructured meshes.
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When such a shift transformation I' is applied, the staggered variables are shifted to the
centers of the cells, which enables the use of the collocated operator. The last step is to shift
the cell-centered values back to the faces, i.e. to the staggered positions. For example, if the
procedure is followed for a random collocated operator K., we obtain

K, = IIK,T

where K is the staggered equivalent of K. and II the shift transformation back from the
cell-centers to the faces. Hicken et al. [3] showed that the desired energy conservation yields
the skew-symmetry of the staggered convective operator C(u), which at his turn imposes a
constraint on the shift transformation(s):

C(u) = HCy(u)I' which should equal T™C,(u)IT* = —T"C, (v*)IT* = —C*(u)

which can be satisfied by using the transpose of I' for the shift transformation back II. In
general, it is even possible to define a staggered operator by means of more shift transforma-
tions

1 N
Ks =+ Erjmri

which still ensures energy conservation. Actually, Hicken et al. [3] proposed a pair of shift
transformations for unstructured Cartesian meshes

Ty, = ZfeF(k) AUy max(ny;,0)
ZfeF(k) Ay max(ng,;,0)

B ZfeF(k) AUy min(ny;,0)

N ZfeF(k-) Ay max(—ng;,0)

(2.7a)

(o] (2.7b)

where ny; is the ith component of the outward face normal ny. These two shift transforma-
tions split the collection of faces in two parts: one with the normals directed in the positive
i-direction and another one with the normals directed in the negative i-direction (the reason
for this splitting is explained in [3]).
When also global momentum conservation is taken into consideration, another condition for
the shift transformation is added

1 =13, (2.8)

where 13, is a 3n-vector, because all n collocated elements consist of 3 components each,
namely the 3 Cartesian directions. Put differently, this means that the transformations should
keep constant vectors constant.

2.3 Conservation properties
With the help of the shift transformation the staggered operators can be formed

C(u) = T*Cy(u)l (2.9)
D =T*D,T (2.10)
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The main question at this moment reads: is this discretization still conserving total mass,
momentum, kinetic energy and are the symmetric properties of the differential operators pre-
served in the difference operators? The answer is yes, because the collocated operator is the
same as in Hicken et al. [3], where it is proven to be skew-symmetric, and the transformation
does not affect this property; thereby energy is conserved. Furthermore, the shift transfor-
mation satisfies the constraint I'lg = 13., so as shown by Hicken et al. [3] also momentum is
conserved.

2.4 Pressure gradient and mass conservation

As we are working on a staggered mesh, the pressure gradient G and the divergence operator
M can be defined straightforward. A suitable discretization for the mass conservation is given
by

[Mug), = ) UpA;=0 (2.11)

This is the same discretization as for the Cartesian mesh; no adaptations are needed. Energy
conservation insists on a relationship between the integrated pressure gradient operator QG
and the negative conjugate transpose of M (see for example [1] and [3]), hence the first follows
from the latter

[QGpc]s = [-M"pcly = (pj — pr)As (2.12)

where the face normal is pointing from cell k to cell j.



Chapter 3

General formula for the shift
transformation

Now the overall method has been cleared up, we can take a closer look at the actual shift
transformation. Hicken et al. [3] chose (2.7) to be their shift transformation on an unstruc-
tured Cartesian mesh; we will start with a formulation as general as possible to keep all the
options open.

Recall that the only information present is the discrete face normal velocities U; and the
normals ny and that the objective is to determine an average velocity vector u' in the cen-
ter of the cell. This has to be done by means of a linear operator, since it is to be put in
matrix-form. The general formula is thereby stated as

Z CtUsny, (3.1)
fer (k)

where Cy are the (still to be determined) face-depending constants which should make this
weighted average as accurate as possible.

Moreover, (2.8) demands that the shift transformation should leave an unity vector 1 unaf-
fected (not taking into account the vector size). Now such an unity uy determines Uy

ulejUf:uf-nf:Znﬁj
J

where j stands for the spatial directions (in our 2D case = and y). If this is substituted in

(3.1), it returns
> CrQonpiny.

feF (k) J

which thus has to be 1 again. Normalizing (3.1) with this term looks after that and makes
the general formula satisfy (2.8). Consequently, the general formula is of the form

Tuy)y, = EfEFg” e (3.2)
ZfEF(k:) f(zjnf,j)nf,i

where f are the faces of the cell and ¢ the directions.
This general formula looks at first glance a bit devious from the pair used by Hicken et al.

11
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[3] ((2.7a) and (2.7b)). But if their particular cellshape -in 2D a non-rotated rectangle- is
taken into account, the formulas turn out to give equal results. First of all, Hicken et al. [3]
chose the constants Cy to equal the face area Ay (in 2D the length of the face). This choice
is justified at the end of Chapter 5. Next, observe that the counters in (2.7a) and (2.7b)
combine towards the counter of (3.2) with A; substituted for C'y. Finally, on a non-rotated

rectangle the normals are
1 0 -1 0
(o)-(0)-( ) ma () =

so the denominator of (3.2) becomes

S GO onpinpi= > Cylngil
)

feF(k fer(k)

which is the same as the (combination of) denominators in (2.7a) and (2.7b), with Ay instead
of C' f-

The general formula for the shift transformation now satisfies the conditions it needs to and
the remaining challenge will be to find the best constants C'y, i.e. those which are leading to
the most accurate average. After trying several methods (see also Chapter 10) without the
desired results, an approach with the well-known Taylor series did lead to results, as is shown
in the following chapters.



Chapter 4

Taylor series approach

Consider an arbitrary convex cell with center (x.,¥.), face f and the middle (zf,y) of this
face f (see Figure 4.1)

face f

(Xf:yf)

Figure 4.1: Arbitrary cell

Then Az and Ayy can respectively be defined as the (not necessarily positive) differences in
the z- and the y-direction between the center and the middle of the considered side f, i.e.

Ary =z, —Tf
Ayf =Yec—Yf

By means of a Taylor series development of the general formula (3.2) on such a random cell, an
attempt to determine the constants C'y can be made. This construction will trivially be based
on minimalizing the error made by replacing [I'ug;; by its truncated Taylor approximation.
The variable Uy (or actually ug) will be developed and expressed in terms of u® (the value of
u in the center) and its derivatives, using the abovementioned Az ¢ and Ayy. The derivation
is done in 2D; a 3D approach might result in different conclusions. This problem however is
not addressed here and is left for further research, as discussed in Chapter 10.

13
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The Taylor series development now becomes

U = uy-ny

1 1
u), (Azy)® +ul, Az Ayy + 2uyy(Ayf) ) -ny

= (u +u0Axf+u Ayf+2

1
= (u’ np) + (U np)Azy + (uy - ng)Ayp + 5 (uG, - np)(Azp)?

1
+(u), - np) Az Ay + §(u2y -ny)(Ayg)® + O(Az}, Ay?)

where u’ with subscript(s) stands for the value of the derivative of u in the direction(s) in-
dicated by the subscript, calculated at the center of the examined cell. To avoid to much
confusing notation, a subscript indicating the cell under examination (cell k) is omitted; this
will not cause ambiguity, as we consider only one particular cell during the derivation.

Inserting this elaboration in the original general formula (3.2) and splitting the division in
parts of equal order (with respect to the derivatives of the velocity field) we obtain

[Tug); = [Toug)i + [Tiug); + [Toug]; + O(Az}, Ay})

with
[Tou,]; = Y reru Cra® - npng, o
T Y ek Cro g

Tiu,); = > rera) Cr((us nf)Aflff+(u ‘np)Ayp)ng, w2

1WUsji — .

> rerm) Cr(o;nyging
[Tyuy); = Y rera Cr(z(ug, -np)(Axp)? + (ud, - np)Azp Ay + 5(ay, - np)(Ayp))ny,
> rerm) Cr(o;nyjng

(4.3)

With the notation u® = (u%,v%) (remember we work in 2D), (4.1) can be rewritten as

Ygermw Cr’-npngi  Ypepm Cp(wnpangi + vngyny,)
ZfeF(k) Cf(Zj ngj)ngi ZfeF(k) Cf( it nfanfy)

[Tou,; =
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For the z- and the y-direction the derivation continues slightly different. First look at the
x-direction
ZfeF(k;) C’f(uon%x + Uonfﬂy”f,a:)
D rerm Cr(ng , +npangy)
Y rerp Cr’(nf, +npangy) + (07 —u)ngynyo)
> per) Cr(ng, +npanyy)

> rerm) Crul(ng, +npangy) N D rerp Cr® —u®)npyny.)

> rerty CrnG, v npangy) Y repg Cr(ng, + npangy)

ZfeF(k) Crnpynga

D rerm Cr(ng, +npangy)

[TOus]a: =

= u’+ (0" —u°)

For the y-direction a similar procedure can be followed, producing

[Tous)y = v° + (u® —°) 2gert Onianta (4.4)
Y > perm) Cr(ng, +npanyy)
So when the direction is not specified
Cellinss
Tousls = [0 + (—1)7 (a0 — o0)—2tbte 71l 2 (4.5)

ZfeF(k) Cf(n%i + Hj ny;j)

where [u’]; refers to the i-th component of u’ (the brackets serve to distinguish it from a
derivative) and z is defined as
L { 1 if i==
0 if i=y

Realize the operator [I'us); is meant to approximate the value [u’]; out of the values Uy, so
the error in the i-direction made while applying this operator can be stated as

‘]

Error; = [Tus); — [u%;
= [Tous); + [Thuy); + [Toug]; — [u]; + O(AJ:?U Ay:})
ZfeF(k) Cy Hj nfj
ZfeF(k) Cf(n%i + Hj ny.;)
+[Thug)i + [Tous); + (’)(Amz}, Ay?) (4.6)

= (=17 =)

It would be preferable to obtain results using this formula, which is valid for all types of shapes
and centers. This will be tried in Chapter 6 and 7, but it will turn out to be very tough.
By choosing a center and inserting the characteristics of a specific shape, the general error
formula can be simplified. An example of this will be given in the next chapter, by computing
suitable constants C'y on a parallelogram. The substitution of a specific center will also be
used to prove a theorem about triangles and one about quadrilaterals (see Chapter 8).
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Chapter 5

An example: C'; on a parallelogram

To elucidate the general error formula (4.6) derived in the previous chapter, it will be used
to calculate the second order accurate face-depending constants on a parallelogram, again in
two dimensions. No assumptions are made about the size, rotation or exact position with
respect to the origin. To calculate these C', first the characteristics of the particular shape are
considered. As the general error formula (4.6) shows, the error is determined by the normals
n; of the faces and the values of Axy and Ayy. In the parallelogram case, the normals are
pairwise related to each other, namely

n; = —ns
no = —1ny
visualized in Figure 5.1.
Ny

Ny

Figure 5.1: Parallelogram with its normals

17
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This combined with the fact that we are working in two dimensions gives

J

Hn2,j = H(—M,j) = (-1)? Hn4,j = HWJ

J

[T =T1(=ns5) = (=0 nas =T s,

From a symmetric point of view, a very logical choice of the center would be the intersection
of the two diagonals (see Figure 5.2).

Figure 5.2: Parallelogram with chosen center

In this figure, the Euclidian distance p is defined as |1 — z.| = x1 — z. and the Euclidian
distance r as |r3 — z¢| = . — x3. In parallelograms with the specified center these p and r

are of equal length, and therefore 1 — x. = x. — x3. Note that ¢ and s are similarly related.
Now recall the definition of Azy and Ay to obtain

A.Tl = —A.Tg
Azy = —Axy
Ay; = —Ays

Ays = —Ayy
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This results into a simplified error formula

[Cug); — [u’);

(C1+C3)[;n1; + (Co+ Cy) [ m2,
(C1+C3)(n3,; + 1 n1,5) + (C2 + Ca)(n3; + [T, n2,5)
N (C1 = C3)((uf - n1)nyiAzy + (uf) - n1)nyiAyr)
(C1 +C3)(n7,; + 1 n1,5) + (Co + Ca)(n3; + 11, n2,5)
(Co — Cy)((u - n2)ngiAxy + (uf - ng)ng i Ays)
(C1+ C3) (3, + [1;m,5) + (Co + C4)(”§,i +I1; n2,)
(C1 4 C3)((3ud, - n)n1i(Az1)? + (ud, - na)n1 Az Ayy + 5(u), - ni)ngi(Ayr)?)
(C1 +C3)(n7,; +11;n1,5) + (C2 + Ca)(n3; + [, n2,5)
(Co + Cy)((3ud, - n2)ngi(Axg)? + (U, - no)ng i AzsAys + 5(ud), - no)ngi(Aysz)?)
(C1 +C3) (7, +11;n15) + (C2 + Ca)(n3; + [, n2,5)

= (~1)* (W’ — o)

+O(Aa::]3c, Ay?)

0

In a general velocity field, the term (u® — v%) will not vanish. So, in order to get rid of the

zeroth order term, the equation
(Cr+ Cs) [[ 1y + (Ca+ Ca) [[ 25 =0 (5.1)
J J
needs to be solved. A solution of this equation is

Ci1+Cs _Hjn2,j
CQ +C4 Hj 71173'

Furthermore, for a second order accurate shift transformation, the first order term must also
vanish. This can easily be achieved by choosing

Cl = 03 and CQ = 04 (5.2)
Consequently, (5.1) reduces to
G _ ey (5.3)
CQ Hj 71173' '

Now there still seems to be one degree of freedom left. However, since the constants -while
plugged into I'- can be simultaneously multiplied by a random factor (this factor will disap-
pear due to the normalization), the second order accurate constants for a parallelogram are
sufficiently defined by the equations (5.2) and (5.3) and read

[Cl CQ Cg C4 HRQJ HTLLJ - HngJ Hnl,j] (5.4)
J J

In Chapter 3 we promised to justify the choice for the constants C'y made by Hicken et al.
[3]. As mentioned, they chose the face areas Ay to be their constants. To see whether or not
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this is in alignment with (5.4), first of all it should be stressed that their formula was meant
to be applied on an unstructured Cartesian mesh with refinement. This might entail multiple
neighbouring cells adjacent to one face, something we did not consider in the deduction of
(5.4). Thereby we will only treat the comparison of the formula of Hicken et al. [3] with (5.4)
on Cartesian meshes with only one value of Uy per face (so four in total).

Note that on this Cartesian mesh the normals n; and ny are perpendicular. Expressed using

a rotation matrix
ny = n
2 1 0 L

anj = (0 "Nl — 1- nl,y)(l ‘N1 e+ 0- nLy) = NiyNiz = — HnLj
J J

which results in

implying a vector (5.4) with equal elements. This, however, contradicts with C; = Ay,
because on the rectangles used in a Cartesian mesh the A;’s are only pairwise equal. Never-
theless the choice of Hicken et al. [3] is correct, as they only considered non-rotated rectangles,
which induces normals as in (3.3). Thereby (5.1) is always satisfied, regardless of the choice
of the Cy. For the first order term of the error [T1u;); to vanish, the pairwise equality of the
Ay’s will suffice, alike (5.2). This proofs the second order accuracy of the formula of Hicken
et al. [3]

However, chosing A does restrict the cells to non-rotatable rectangles and rotatable squares
(on a square all the Af’s are equal anyway). That advocates a different choice, namely con-
stants which are all equal to each other, in accordance to (5.4). This would make the rectangle
rotatable and thus better applicable. However, the choice of Hicken et al. [3] is justified by
the applicability on refined meshes, something we do not treat in this work.



Chapter 6

Conditions for the existence of a
second order accurate operator

The main goal of our research was to find a second order accurate operator on a triangle,
which means, to construct the three constants of the general formula (3.2) necessary to fulfil
this demand. Likewise the parallelogram case, one’s primary idea would be to analyze the
characteristics of the triangle and substitute them in the general error formula (4.6). How-
ever, a triangle, even a equilateral one, does not possess the same simplifying charateristics as
a parallelogram. The condition to let the operator be of first order can still be derived quite
easily, but the problem of finding a second order accurate shift transformation turns out to
be a lot harder to solve.

Having observed this problem, a more general question arises: what are the restrictions on
the shape of a cell for finding an operator with the desired second order accuracy? So far,
we did not assume anything regarding the (unknown) velocityfield u. However, in order to
obtain useful results, we are forced to make such assumptions; a very common one to impose
on the velocity field is that it is incompressible, which we also will assume throughout the rest
of this work. In this chapter an effort is made to derive the restrictions on cell shapes on such
velocity fields. These restrictions enable us to investigate cell shapes in general and triangles
in particular. This will be done by imposing another condition on the velocity field, namely
that it is induced by a potential. This assumption will simplify the problem, and from the
solutions of the simplified problem the solutions of the original problem will be extracted.

Consider a velocity field u = (u,v). Now the counter of the first order term of the gen-
eral error formula (4.2) can be written as

ou au
[Tiu); = Z@((( 9 ) ‘ny)Azy + (( o ) ‘np)Ays)ng, (6.1)
f oz

dy
Further, the normals on the sides are expressed in their angles 6 with respect to the positive

x-axis (see also Figure 6.1)
e — [ 08 0
F=\ sing I

21
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Figure 6.1: Normal expressed in 6

Hence, elaborating the dot product in (6.1) results in

v

ay sin Hf)Ayf)nf,i

0 0 0
[Thus); = zf: Cf((ﬁ_z cosff + @—; sinfy)Axy + (a—Z cos Oy +
As said, the common assumption of imcompressibility will be folllowed, constraining the

velocity field by
ou Ov
—+=—=0 6.2
ox * dy (6:2)
Using (6.2) gives

Ou

ov
in0;Azy + 22 cos Ay g (6.
2y sinf Az + oz 8 0pAyp)ngi  (6.3)

0
[Tiug); = zf: Cf(@—Z(cos OrAxy —sinfrAyys) +
In a general velocity field the three derivatives of u in (6.3) are independent of each other. So
if (6.3) is to equal zero in both the x- and the y-direction (ensuring a zero-valued first order
term of the general error formula (4.2)), it yields 6 equations:

ZCf%(COS OrAxy —sinfAys)cosfy =0 (6.4a)
- x
ou . .
ZC’f%(cos OrAxy —sinfrAys)sinfy =0 (6.4b)
f
ou .
ZCfa—y sinfycos@rAxy =0 (6.4c)
f
3u .92
ZCfa—y sSin HfAl‘f =0 (64d)
f
o,
Z Cfé)_ac cos“OrAyr =0 (6.4e)
f

ZC}% sinfycos Ay =0 (6.4f)
!
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We could continue solving these equations. However, we can simplify our problem by what
at start might sound a bit counterintuitive: introducing an extra assumption on the incom-
pressible velocity field (from here on called VF7). As one will see at the end of this chapter,
the solution of this simplified, but at the same time more specific problem will be used to
draw conclusions with respect to the original problem using V F7.
The mentioned assumption states that the incompressible velocity field is induced by a po-
tential (). This field will be referred to as V Frp and can be described as VFrp = (%, %),
implying 5 5
U v
3y or 0 (6.5)
This simplifies (6.3) to
ou . ou, .
[Tius]; = Z Cf(%(cos OrAxy —sinfrAyys) + 8—y(sm OrAxy + cosOrAys))ng; (6.6)
f

If we then assume that the two remaining derivatives of u are again independent of each
other, the 6 equations (6.4) reduce to only 4 equations:

%:Cf%(cos OrAxy —sinfrAys)cosfy =0 (6.7a)
%:Cf%(cos OrAxy —sinfrAys)sinfy =0 (6.7b)

Zcfg—Z(sin OrAxy + cosOrAys)cosfy =0 (6.7c)
!

ZCfg—Z(sin OrAxy + cosOrAys)sinfy =0 (6.7d)
f

Next to a zero 17 (4.2), it is also desired to let the zeroth order term T (4.1) vanish, as we
are looking for a second order accurate shift transformation. We again assume (u® —v°) not
to equal zero, so we are left with

Y " Cjcosbysindy =0 (6.8)
f
(where again the normals are expressed in terms of §;). With the derivatives of u taken away

in (6.7) (since they do not depend on f), this total of 5 equations can be put in matrix-vector
form

MTv =0 (6.9)
where v is the vector with the constants C'
v=(C1-+Cyy)

and M a matrix depending on 0y, Azy and Ayy
(—)1 cos 01 (—)1 sin 6y (4)1 cos 04 (4)1 sin 61 cos 0 sin 64
M — . . . . .

(S)prcostyy (=)prsinbup (H)prcosbyr (+)pysindyy cosOypsindy,
(6.10)
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using the notation

(=) = cos;Ax; — sin0;Ay;
(+);i = sin0;Ax; + cos0;Ay;

and with # f representing the amount of faces of the cell. Now the following Theorem about
M and a second order accurate shift transformation can be proven

Theorem 6.1 On an incompressible velocity field induced by a potential, an at least second
order accurate shift transformation can be found if and only if rank(M) < #f

Proof Recall that we are looking for a v which satisfies the linear equation (6.9) and thereby
supplies the constants Cy for a second order accurate shift transformation. However, not
only this specific vector then should result in a second order accurate formula, but also any
multiple of this vector; this multiple will vanish by the (mandatory) normalization in the
general formula (3.2). In terms of linear algebra this means we are looking for a generating
vector v € V which spans (a part of) the null space of M, and a second order accurate shift
transformation will exist if and only if this v can be found. To ensure the existence of such a
v spanning (a part of) ker(M), dim(ker(M) should be larger than zero. If that is the case,
v (and thus the constants C't) can be computed by solving equation (6.9).

Now apply the well-known rank-nullity theorem, which reads

dim(V') = dim(ker(M)) + rank(M)

so in this case
#f = dim(ker(M)) + rank(M)

Recall that the C't could be traced if and only if dim(ker(M) > 0, so if and only if
rank(M) = #f — dim(ker(M)) < #f (6.11)
Thereby Theorem 6.1 has been proven. |

Corollary 6.2 It is impossible to find a vector of constants v and thus a second order accurate
formula on an incompressible velocity field induced by a potential, if rank(M) = #f.

Proof This follows directly from Theorem 6.1. |

This result rephrases the existence of a second order accurate shift transformation to the
investigation of the rank of M, which will be done in the next chapter. However, it only
treats specific velocity fields, namely incompressible fields induced by a potential. Neverthe-
less, despite the at first glance unnessecarily particularizing, we can draw conclusions which
are valid for incompressible velocity fields in general. To do so, realize that if a v solves
simultaneously (6.4c) and (6.4e), it will also solve (6.7c) (recall that the derivatives of u can
be taken away). In the same manner, if a v solves simultaneously (6.4d) and (6.4f), it will
also solve (6.7d). Since (6.4a) equals (6.7a) and (6.4b) equals (6.7b), a v solving (6.4) will
also solve (6.7). This means that all the solutions of the V F; problem are included in the set
of solutions of the problem dealing with V Fyp. This reasoning combined with Corollary 6.2
results in the following Theorem
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Theorem 6.3 It is impossible to find a vector of constants v and thus a second order accurate
formula on an incompressible velocity field, if rank(M) = #f.

Proof The abovementioned reasoning combined with Corollary 6.2 proofs the theorem. |

An equivalent of Theorem 6.1 can be stated if a matrix M is formed out of (6.4) and (6.8).
This M can be used to make an analysis of the case of V F7, similar to the case of potential-
based field treated in the upcoming chapters. However, if the cell shapes have to satisfy
certain conditions to lead to solutions in the case of V Fyp, Theorem 6.3 tells us the cell
shapes in the case of V I} at least need to satisfy the same conditions to lead to solutions.
In fact, it is not even sure if the cell shapes which do satisfy these conditions, will lead to
solutions. Consequently, if we want to determine appropiate cell shapes on V F7, it suffices to
take the appropiate cell shapes on V Frp and then test their applicability on V FJ.
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Chapter 7

The rank of M

The preceding chapter showed that the rank of M determines the existence of a second order
shift transformation. The next step will thereby trivially be to investigate the rank of M.

While the rank of a matrix is the same as the row rank of a matrix, it is enough to con-
sider only this row rank. If all the rows of M are linearly independent, the row rank equals
# f. This number is reduced if and only if a row is a linear combination of other rows.

7.1 Dependency of one row on one other row

To start, we look if a row can be linearly dependent on 1 other row and prove the following
Lemma

Lemma 7.1 None of the rows of M is a multiple of another row of M
This can also be stated as: the elementwise division of two rows cannot be a constant vector.
Proof We will proof this by contradiction. Take the elementwise division of row p and ¢

(cos O,Ax,, — sin0,Ayp) cos 0, (cos Az, —sinb,Ay,)sinb, (sinb,Ax, + cosb,Ay,)cos b,
(cos OgAxy — sinf,Axy) cos O, (cos§,Axy —sinb,Azy)sinf, (sinb,Az, + cos,Ay,) cos b,

(sin O,Ax), + cos 0,Ay,) sinb, siné), cos b,

7.1
(sin§,Azq + cos 0, Ay,) sin B, sin b, cos b, (7.1)

We will assume this vector to be constant, which will lead to a contradiction. Hence, amongst
others the first element must equal the second, which gives

cosf, sinf, (cos OpAxy, —sin0,Ay,) 0
cosf, sind, (cos O,Azy —sinf,Azy)
and also the third should equal the fourth, resulting in
cosf, sinb, (sin 6,Ax,, + cos 0,Ayp)
== or —— =0
cosf, sinf, (sin 0,Azq + cos 0,Ay,)
To satisfy this equations, the first possibility is that
(cos OpAx), — s.in 0pAyp) _ 0 and (si.n OpAxy + cos O,Ay,) 0 (72)
(cos OyAzy — sin§,Azy) (sin§4Azq + cos §,Ay,)

27



28 CHAPTER 7. THE RANK OF M

holds. If it does not, the only other option is that

cos 0, __sin 0,

= 7.3
cosfl, sinf, (7.3)
Starting with the first, it demands
cos O0,Ax), — sin0,Ay, =0 and sin8,Az, + cos,Ay, =0 (7.4)
SO
cos 0,Ax, = sin0,Ay, and sinf@,Az, = —cos0,Ay,
and thereby
cosf, Ay, and % Op _Aa:p

sinf, Am, sinf, Ay,

which are only satisfied when

Ayp _ Az, 2 _ 2 _ _
Az, = Ay, = Aa:p = Ayp = Az, =Ay,=0

Of course shapes with a zero distance from the center to the middle of a face are not allowed,
so (7.2) is not possible. Trivially, this means (7.4) is not possible too; a result to which will
be reffered to in upcoming proofs as well. Thereby it will be put as a remark

Remark For each face f, the expressions cos Az —sinf Ay and sinfAxy + cos 0 Ayy
cannot simultaneously equal zero.

So we are left with the only other option:

cos 0, __sin 0,

cos b, sin 0,

Realizing that the left division stands for the factor between the z-components of the normals
n, and n, and at the same time the right fraction is equivalent to the factor between the
y-components, this means that those two factors are the same, or consequently, that n, is
a multiple of n,. As all normals are by definition of length 1, it results in n, = +n,. But
assuming a convex cell, the normals of different sides cannot be exactly the same, thus

n, =—n, (7.5)

So when the normals of two sides differ by a factor —1, that is, the sides are parallel in the
convex cell, the first term in the vector of the division of the two rows (7.1) equals the second,
and the third equals the fourth. To see if this is not only a necessary, but also sufficient
condition, i.e. if there are no more necessary conditions, substitute

n, = —ng = cosf, = —cos b, and sinf, = —sinf,
in the vector of the two divided rows (7.1)

(cos Op Az, — sin 6,Ayy,) cos b, (cos Op Az, — sin0,Ay,,) sin 6,
(—cos OpAxy + sin,Axy)(—cos,) (—cosbpAxy +sinbpAzxy)(—sinbp)
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(sin6,Axy, + cos 0,Ay,) cos b, (sin @Az, + cos 0,Ay,) sin b, sin @, cos 0,
(—sinbpAzy — cos 0,Ayy)(—cosb,) (—sinb,Axy — cosO,Ay,)(—sinb,) —sinb,(—cosb,)

which simplifies to

cos 0,Ax), — sin0,Ay, cos0,Ax, —sin0,Ay, sinbd,Ax,+ cost,Ay, sinbd,Ax,+ cosl,Ay, 1
cos O,Ax, — sin,Ay, cosb,Ax, —sinb0,Ay, sinbd,Ax,+ cos0,Ay, sinbd,Ax,+ cosd,Ay,

Recall this vector was assumed constant, leading to

cos Az, —sin0,Ay,  sin0,Az, +cosO,Ay, q (76)
cos Op,Axy —sin,Ay,  sin,Ax, + cos,Ay, ’

yielding
cos O,Axy, — sin0,Ay, = costpAz, —sind,Ay,
sin 0,Ax), 4 cos 0,Ay, = sint,Ax, + cosb,Ay,
cos Op(Az, — Azy) = sinb,(Ay, — Ayg)
cos Op(Ay, — Ay,) = sinb,(—(Azp, — Azxy))
cost, Ay, — Ay,
sinf, Az, — Az,
=\ cos Op  —(Azy,— Azy)
sinf, Ay, — Ay,
This gives

Ayp — Ayg _ —(Azp — Azy)

o - 2 — o 2
Al‘p - qu - Ayp - qu = (Axp AxQ) (Ayp qu)

Because the left side of this equation is smaller or equal to zero and the right side larger or
equal to zero, both sides must be zero:

i{Axp—A% = 0 :{A@D = Az,

7.7
Ay, — Ay, = 0 Ay, = Ay, (7.7)

This condition demands that the middles of the sides p and q are situated at the same point,
which is impossible for all cell shapes. Now we have arrived at a contradiction: both (7.2) and
(7.3) are not possible. So our primary assumption must have been wrong: the elementwise
division of two rows of M cannot produce a constant vector. Thus can be concluded that a
one-to-one linear dependency of rows in M is never possible and hence Lemma 7.1 has been
proven. |}

7.2 Dependency of one row on two other rows

A row which can be formed out of two other rows is another indicator of linear dependency.
To see under which conditions this can take place, consider the three rows p, q, and r. If
they are linear dependent, there exist a,b such that

ap+bq=r

To see when this is solvable, write it as
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(cos O,Ax,, — sinB,Ayy) cos ), (cos O Az, — sinf,Ay,) cos b, a
(cos OpAzxy, —sinb,Ay,) sinb, (cosOAxy — sinByAy,) sin by b

~( (cosb.Az, —sinb,Ay,) cos b,
~ \ (cos 0, Az, — sin6,Ay,)sin 6,

(sin §pAx), + cos O,Ayy) cos B,  (sin Az + cos 0,Ay,) cos by a
(sin 0,Ax;, + cos 0,Ayy) sin b, (sin Az, + cos 0,Ay,) sin b, b

[ (siné,Az, + cos 6,Ay,) cos b,
~\ (sinf, Az, + cos 0, Ay,) sin 6,

asin 6, cos 0, + bsin 0, cos 6, = sin 0, cos 0,

and solve the first two matrix-vector equations

(cos 0r Az —sin 0 Ayy) sin(0g—

< a ) _ < (cos Op Axp—sin 0, Ayp) sin(0g—
- )
)

b (cos 0 Az, —sin 0, Ay, sin(0r

(cos g Azg—sin 0 Ayqg) sin(fy —Gp

b (sin 0, Azy+-cos 0, Ay,) sin(0,—0),
(sin @ Azg+cos 0 Ayq) sin(0g—0p

Or)
Op)
6p)
)
(sin 0, Azr+-cos 0 Ay,) sin(0q—06,)
(a) _ < (sin 0p Azp+cos 0, Ayp) sin(0g— Gp)) ) (79)
)

Equal them to each other

sin(6y — 0,) [ cosb,Ax, —sinb, Ay, _ sin 0, Ax, + cos 0, Ay, - (7.10)
sin(0, — 0) \ cos OpAx, —sin0pAy, sinf,Ax, +cosbAy, ) '
sin(6, — 0y) ( cos 0, Ax, — sin 0, Ay, _ sin 0,.Ax, + cos 6, Ay, - (7.11)
sin(f, — 0,) \cosO,Az, —sinf,Ay, sinf Az, +cos,Ay,) '
We will first prove that the parts outside the parentheses
s.ln(Hq —6,) and s¥n(9r —0p) (7.12)
sin(f, — 6,) sin(f, — 0p)

cannot equal zero, to finally conclude that the parts inside do have to equal zero in order to
solve these equations.

First assume that one of the abovementioned parts (7.12) is zero and the other one non-zero.
This would yield a zero last part of the fractions in the expressions for either a or b. That
would imply a completely zero a or b and consequently a dependency from one row on one
other row (recall that ap + bq = r) - which has been proven to be impossible-, unless the first
parts of the fractions expressing a or b could become infinite and the final outcome of the
complete fraction could differ from zero. However, it is impossible that the two first parts of
the fractions in the two expressions for either a or b

(cos 0, Az, — sin 6,.Ay,) an (sin 0, Az, + cos 0, Ay,)
(cos OpAx, — sinpAxy) (sin §pAxy, + cos O,Ayy)

both become infinity at the same time (see the Remark in the proof of Lemma 7.1 applied to
the denominators of these fractions).
If the parts outside the parentheses (7.12) would simultaneously equal zero, we would even
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obtain a zero-valued row r. A quick look at the matrix M shows this is not possible: the fifth
column demands in this case a zero sinf, or cosf, (and thus respectively a cos, or siné,
valued 1). For sinf, = 0 and cos 6, = 1 the vector r then equals

[Az, 0 Ay, 0 0]
and for cos 6, = 0 and sinf, = 1 it is equal to
0 — Ay, 0 Az, 0]

So r can only become completely zero by the impossible condition Az, = Ay, = 0.
Now the parts outside the parentheses in (7.10) and (7.11) cannot equal zero, the parts inside
must be zero in order to solve those equations. Hence we are left with

cos 0, Az, —sin 0. Ay,  sinf.Ax, + cos0,Ay;,
cos O,Ax, — sin0,Ay,  sinb,Ax, + cos 0,Ay,

(7.13)

cos 0, Az, —sin 0, Ay,  sin6.Ax, + cos 0, Ay,

cos 0yAxy — sinf,Ay,  sin 04Az4 + cos 0,Ay, (7.14)
Unfortunately it is not really evident to see whether these equations lead to the conclusion
that the rows of M cannot be constructed out of two other rows or otherwise motivate
constraints on either the 6 (the directions of the normals) or the Az and Ay (the location
of the center). The fifth equation (6.8), which has not been taken into consideration in
the abovementioned derivation, can add even more constraints. However, if we lose a bit of
generality and make a choice for a specific center, there can be drawn conclusions, as is shown
in Chapter 8.

7.3 Dependency of one row on three other rows

It is to be expected that other general formulas considering the linear dependency of a row on
three or more rows will be even more complicated and will also not lead to clear constraints for
the shape or the center of a cell. Despite of this, a general condition for the linear dependency
of three rows will be derived, so that it can serve as a starting point in the case that a choice
for a specific center has been made.

Assume a row s can be expressed in three other rows p,q and r

ap+bg+cr=s

In order to avoid huge formulas imposed by resolving a 3 x 3 linear system, we chose to use
the same method as in the case of dependency on two rows. This results in a slightly peculiar
way to derive conditions that make this equation solvable. Rewrite the first four equations to

(cos O,Ax,, — sinB,Ayy) cos ), (cos b Az, — sinf,Ay,) cos b, a
(cos OpAzxy, —sinb,Ay,) sinb, (cos OAxy — sinfyAy,) sin b, b

_ ( (cos 05 As —sin 03 Ays) 03 0 — c(cos O Ay — sin 0y Ayy) cos 0, ) (7.15)

(cos OsAxs — sin 0;Ays) sin 5 — c(cos 0, Az, — sin 6, Ay, ) sin 6,
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(sin O,Axy, + cos 0,Ayy) cos B, (sin,Ax, + cos §,Ay,) cos b, a
(sin @pAzy + cos O,Ay,) sinb, (sinO;Axy + cos 0 Ay,) sin b, b

B ( (sin @sAxs + cos O5Ays) cos 85 — c(sin 6, Az, + cos §,Ay,) cos b, ) (7.16)

(sin@sAxg + cos 0;Ays) sin 5 — c(sin 6, Ax, + cos 0, Ay, ) sin 6,

and solve these two matrix-vector equations for a and b

(cos s Axs—sin 05 Ays) sin(0q—05)+c(cos O Azr—sin 0, Ay, ) sin(0r—04)
< a > _ (cos OpAzp—sin 0, Ayp) sin(0g—0p) (7 17)

b (cos s Az s —sin s Ays) sin(0s—0p)+c(cos 0, Az, —sin 0, Ay,) sin(0,—0,)
(cos g Azg—sin 0y Ayq) sin(0g—0p)

(sin 05 Az s+cos 05 Ays) sin(0;—05)+c(sin 0, Az +-cos 0 Ay, ) sin(0-—04)
a
() - ) s

(sin Op Azp+cos 0pAyp) sin(0g—0p)
(sin 0s Az s+cos s Ays) sin(0s—0p)+c(sin 0, Az +cos 0, Ay,) sin(0,—0,)
(sin 0 Axg+cos 03 Ayq) sin(0g—0p)

Again, equal them to each other and solve for ¢

Az,Azxs + Ay,Ays) + cos(0

_ sin(0g — 05)(sin (s — 6,)( ) (05 = 0p) (AzpAys — AypAs)) 19)
sin(0, — 0,)(sin(0, — 0,)(Az, Az, + Ay, Ay,) + cos(0, — 0,)(Az, Ay, — Ay, Azp))

e sin(0s — 6p)(sin(fs — 04) (AzgAxs + Ay,Ays) + cos(bs — 0,) (AxgAys quAa:s))/7 20)
 sin(0, — 0,)(sin(0, — 0,)(Ax, Az, + Ay, Ay,) + cos(0, — 0,)(Az, Ay, — Ay, Az,))

A condition for linear dependency of one row on three others is that these two expressions
for ¢ are equal. This is not enough to ensure the linear dependency, as also the fifth equation
(6.8) needs to be considered, but it does exclude various possibilities, which will be showed
in Chapter 8.

An important remark regarding the preceding derivation is that silently the assumption of
non-zero determinants of the matrices in the matrix-vector equations (7.15) and (7.16) has
been made, in order to solve them and obtain conditions for the shape of the cell. This was
necessary due to our devious solution method. If it turns out the determinants do equal zero,
either no vector at all or the span of a vector solves the equation, depending on the right
hand side. However, before even investigating these possible outcomes, it suffices to take a
look at the two determinants

(cos O,Ax,, — sin0,Ayy)(cos O, Az, — sin0,Ay,) sin(6, — 6,)

(sin @pAzy, + cos 0,Ay,) (sin 0 Az + cos 03Ay,) sin(6, — 6,)

and observe that in any shape, there always exist two faces f and g which are not parallel,
so for which sin(, — 0¢) # 0. Without loss of generality those two sides can be chosen p and
q, and the remaining options for (one of) the determinants to become 0 are

cos 0,Ax), — sin0,Ay,) =

cos 0yAz, — sin 0,Ay,

sin 0,Ax), + cos 0,Ay,

o~~~

)
)
)
)

sin 0,Az, + cos 0,Ay,
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However, these equations do not impose constraints on the relationships between the faces,
but on the orientation of the faces on their own. This could result in problems while rotating
the cell, because that changes the orientation. While designing the grid, one does not want
to take into account the actual orientation of the axes. One should be able to rotate a cell
without causing it to be invalid; from here on we shall call these valid cell shapes rotatable
shapes.

Because of this rotatability condition, it is unlikely that the possibility of the determinant
equalling zero (and the corresponding constraints) lead to a new category of allowed shapes,
but nevertheless this will be investigated in further detail when a choice for the center is
made.
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Chapter 8

Shapes with a circumcenter

The equations derived in the previous chapter were too general to produce restrictions on
cell shapes. Hence a choice for the specific center of the cell is made. In our work, we will
mainly focus on the circumcenter. This choice is based on the article of Perot [5], where also
the circumcenter is used. A secondary motivation was given by the fact that it implies a
more accurate implementation of the divergence operator, since the distance dn; between the
centers of two neighbouring cells (used in the definition of D, see (2.5)) is in that case simply
the sum of the the distances of the centers of the individual cells to the middle of the shared

face. .
onp=Wji+Wy (8.1)

where W}“ stands for the distance of the face f to the center of the cell k (see Figures 8.1 and
8.2).

Figure 8.1: dny in a cell with a random center

35



36 CHAPTER 8. SHAPES WITH A CIRCUMCENTER

Figure 8.2: dny in a cell with a circumcenter

The equation (8.1) holds, because the line through the circumcenter of cell & and perpendic-
ular on a face f bisects this face by definition. As this is also valid for cell j and face f, the
both circumcenters must be situated on the same line. The length of this line is of course
the distance between the both circumcenters, but by the perpendicularity to the face f, it
is also the sum of the distances of the circumcenters to the face. When other definitions of
cell centres are used, the equal sign in (8.1) disappears and it will become an estimate, which
emphasizes the advantage of the choice for the circumcenter.

This choice does include some restrictions for the allowed triangles in the triangulated grid
though. When obtuse triangles are used, the circumcenters would be situated outside the
cells. This causes problems when their positions happen to coincide: the distance between
the circumcenters dn s returns zero, so the diffusive operator will break down. Right triangles
might also be problematic, since their circumcenters are located on the hypotenuse. When
two of those triangles share their hypotenuse, the circumcenters again coincide. This makes a
grid with acute triangles necessary. Nevertheless, this leaves us enough freedom to construct
grids and is worth to be investigated more thoroughly, considering the advantages of the tri-
angulated grids while treating curved areas.

Using the circumcenter, the distances Azy and Ay, can be expressed in the angle 6; of
the normal n; with the positive x-axis

Azy = Rycosby (8.2a)
Ays = Rysinfy (8.2b)

where R; is the Euclidian distance from the middle of the cell to the circumcenters. This is
visualized in the Figure 8.3
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Figure 8.3: Az; and Ay expressed in 0y

In other words, the vector from the center to the middle of any face points in the same
direction as the normal on that face. In general, shapes with four or more sides do not
possess a circumcenter - obviously only if their nodes are collocated on a circle - but triangles
always do. Actually, we are only interested in the shapes with an interior circumcenter, but
this extra constraint is superfluous in the triangle case, as we are about to proof a theorem
valid for all sorts of triangles. In fact, it gives the answer to the main topic posed in the
introduction of this work: is it possible to develop a fully conservative, symmetry-preserving
discretization on a triangulated mesh using the technique of shift transformations? The fairly
surprising answer to this question is no, at least not a sufficiently accurate one, stated in the
following theorem

Theorem 8.1 Using the circumcenter as the center of the cell, it is impossible to construct
a second order accurate shift transformation on any triangle.

Before we proof this, we will first proof the next Lemma.

Lemma 8.2 Using the circumcenter as the center of the cell, a row of M cannot be a linear
combination of two other rows.

Proof When the characteristics of a circumcenter (8.2) are substituted in the equations for
linear dependency on two other rows ((7.13) and (7.14) from Chapter 7), they simplify to

R, (2sin 6, cos ;)
R, (2sin 6, cos b))
R, (2sin 0, cos 6,)
R,(2sin 6, cosby,)

R, (cos® 6, —sin? 0
Rp(cos20 —sm 20
R, (cos? 0, —sin? 0
Ry(cos? 6, — sin? 0

r)
b)
r)
a)

q
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so, using trigonometric formulas and the fact that Ry # 0 Vf,

cos(20,)  sin(20,)
cos(260,)  sin(26,) tan(20,) = tan(26,) 20, = 26, mod 180°
cos(20,)  sin(26,) :>{ tan(26,) = tan(26,) :>{ 20, = 20, mod 180°
cos(20,)  sin(26,)

and finally leading to the condition necessary for linear dependency of one row on two others
6, = 6, mod 90° = 6, mod 90° (8.3)

This result already excludes triangles as shapes with a linear dependency of one row on two
others, for as it says that each angle between the three sides p, ¢ and r should be a multiple
of 90° (i.e. the three sides form an ’open square’) to ensure this linear dependency. Hence it
is strong enough to use in the proof of Theorem 8.1, but in order to be able to draw future
conclusions regarding quadrilaterals, we will continue the proof of Lemma 8.2.

Recall the expressions (7.8) and (7.9) for a and b, applied on shapes with a circumcenter

R, cos(260,) sin(0,—0,)
a _ Ry, cos(20,) sin(04—0p)
b R, cos(26,) sm(@ —0p)
Ry cos(204) sin(0,—0,)
R, sin(20,) sin(0,—0,)
a _ Ry, sin(20,) sin(0,—0,)
b R, sin(20,.) sm(@ —0p)
Ry sin(204) sin(64—06,)

Now look again at the just derived condition (8.3) for linear dependency on two rows, which
implies

cos(26,) = £ cos(260,) and cos(26,) = + cos(26,)

which turns the expressions for ¢ and b into

+ Ry sin(04—06r)

a _ Ry sin(0q—0p)
b + R, sin(0,—0p)
Ry sin(0q—0p)

R sin(04—0,)

a _ + R, s'inéezft%;
b + Ry sin(0-—0,
Ry sin(0q—0p)

Moreover, note that sines of the pairwise differences between the angles 6, 0, and 0, appear:
sin(, — 6,), sin(d, — 0,) and sin(é, — 6),). Keep in mind that in a cell the angles 6 of two
faces cannot be the same (that would imply two coinciding faces) and that a face can have
at most one other parallel face. If these sines are now to satisfy (8.3) -which states that the
angles between the faces are a multiple of 90°- two of the sines result in +1 (the ones in
which the ’s differ 90° and 270°) and one returns zero (in which the 6’s differ 180°). Put
differently: two of the three sides form a pair of parallel sides, the other side is perpendicular.
If sin(6, —6,) or sin(#, —6,) would be zero, a or respectively b would also become zero, leading
to an impossible dependency of one row on one other row. However, sin(f, — 6),) = 0 brings
about an infinite a and b, which is also not allowed. Consequently, there exists no shape with
a circumcenter which can satisfy the conditions for one row being a linear combination of two
other rows (8.3). Thereby Lemma 8.2 has been proven. [ |
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With this observation, we arrive at proving the main theorem of this work, Theorem 8.1.

Proof of Theorem 8.1 As a triangle only consists of three faces, the matrix M also has
only three rows. Theorem 6.3 tells us that the rank of M needs to be reduced in order to
ensure a second order accurate shift transformation. The rank of a matrix is the same as the
row rank of a matrix, so at least one of the rows should be linear dependent to reduce it.
However, Lemma 7.1 and Lemma 8.2 show that a row can never be a multiple of one single
other row and neither a combination of two other rows, so there are no linear dependent rows.
Thereby Theorem 8.1 has been proven. |

Now the primary question of our research has been answered, we can carry on with our inves-
tigation by considering shapes with more sides. The proof of Theorem 8.1 is unfortunately
not sufficient yet to conclude anything regarding these shapes in combination with a circum-
center, because it passes by on the possibility of a row depending linearly on three or more
other rows. It turns out that this extra opportunity to reduce the row rank of M (induced
by the use of at least four sides) does lead to possible cellshapes. This was to be expected,
as the original formula of Hicken et al. [3] works on a square. In fact,

Lemma 8.3 Using the circumcenter as the center of the cell, every shape consisting of (at
least) two pairs of parallel sides is suitable for constructing a second order accurate shift
transformation, assuming the velocity field is incompressible and induced by a potential.

Proof According to Theorem 6.1 is suffices to check whether a shape with two pairs of
parallel sides combined with a circumcenter really makes a row of M linearly dependent on
other rows and thus decreases the rank of M. It was already proven that a row could not be
linearly dependent on one or two other rows (see Lemma 7.1 and Lemma 8.2), but we will see
that this specific shape with two pairs of parallel sides does make a row dependent on three
others. Therefore, we assume (p,r) and (q,s) are the parallel pairs, so their angles relate
as 0, = 0, +180° and 0, = 6 + 180°. Substitute these 0;’s and the characteristics of the
circumcenter (8.2) in the matrix M and note that these two pairs of parallel sides are related
to each other with similar constants as used for the parallelogram (see Chapter 5)

ap + bq + cr = ds
with
labcd =[-R.(Rq+ Rs)sin b, cos b, Ry (R, + R,)sin 6, cos O,
—R,(R; + Rs)sin 6, cos b, R,(R, + R,)sin 0, cos 6]

This can be easily verified by substituting p,r, q and s and elaborating the equation. Thereby
Lemma 8.3 has been proven. |}

Moreover, consisting of at least two pairs of parallel sides is not only sufficient for a shape
to be able to define a second order accurate shift transformation on it, the following Lemma
proves it is also necessary.

Lemma 8.4 Using the circumcenter as the center of the cell, the only possible rotatable shape
that makes a row of M linearly dependent on three other rows, is one with two pairs of parallel
sides.
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Proof To verify whether a shape with two pairs of parallel sides is the only possible shape,
we will use the derivation of Chapter 7 and consequently the assumption that side p and ¢ are
not parallel (which can be done, as argued, without loss of generality). Likewise the proof of
Lemma 8.2, start with substituting the characteristics of a circumcenter (8.2) in the equations
for linear dependency on three other rows (7.19) and (7.20). The first equation yields

counter ¢ = sin(6, — 0;)(sin(fs — 0,) Ry Rs(cos ), cos 85 + sin 6, sin 6
+cos(fs — 0,)RpRs(cos O, sin s — sin ), cos §;))
denominator ¢ = sin(f, — 0,)(sin(6, — 6,) R, Ry (cos 8, cos ), + sin 6, sin b))

+cos(8, — 0;) R, Ry(cos 0, sin ), — sin §, cos 6,))

and the second one

counter ¢ = sin(fs — 6,)(sin(fs — 04) Ry Rs(cos 0, cos O + sin 6, sin )
+cos(0s — 84) RqRs(cos 6, sin s — sin 6, cos 6;))
denominator ¢ = sin(#, — 0,)(sin(d; — 0,) R, Ry(cos 8, cos 0, + sin 6, sin )

+cos(0y — 0,)R, Ry(cos 8, sin 0, — sin §,. cos 0,))

Use the trigonometric addition formulas:

_ Rgsin(, — 05)(sin(0; — 0,) cos(0s — 0,) + cos(0s — 0,) sin(0s — 0,,)) (8.4)
"R, sin(6, — 6,)(sin(0, — 6,) cos(6, — 0,) + cos(6, — 0,) sin(6, — 6,)) ’
_ Rgsin(0, — 0,)(sin(6s — 0,) cos(0s — 0,) + cos(0s — 0,) sin(05 — 0,)) (8.5)
"R, sin(6, — 0,)(sin(0y — 6,) cos(8, — 0,) + cos(0y — 0,) sin(6, — 0,.)) '

Equalling them to each other gives (again use Ry # 0 V)

(
2sin(0, — 0,) sin(fs — 0,) cos(0s — 0,)  2sin(fs — 0,) sin(fs — 0,) cos(0s — b,)
2sin(6, — 6,) sin(0, — 0,) cos(0, — 6,)  2sin(6, — 0,.) sin(6, — 6,) cos(0, — 6,.)

sin(fy — 0s) sin(0s — 6) (cos(0s —6p)  cos(0s —0g)\ _ 0
sin(f, — 0,) sin(6, — ;) \cos(fp, — 6,) cos(0,—0,))

Trigonometric addition formulas rewrite the part between the brackets and the total becomes

sin(6, — 05) sin(0s — 6,) sin(0, — 0,) sin(6, — ;)

sin(6, — 0,) sin(0, — ;) cos(8, — 6,.) cos(0, — ;) =0

The solutions to this equation are sin(f; — 65) = 0, sin(d; — 6,) = 0, sin(f, — 6,) = 0 and
sin(6, — 6),) = 0, where the last one is not valid due to the assumption about the non-parallel
sides p and ¢. So

0, = 0, + 180° (8.6a)
0, = 0, + 180° (8.6b)
0, = 0, + 180° (8.6¢)

(recall that two angles 6 cannot be the same in a convex cell).
Considering the first two possibilities, at first glance this would imply ¢ = 0 in (8.4) and (8.5)
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and so an impossible dependency of one row on two others. But if the denominator of ¢ will
also become zero (of course in both expressions for ¢, for as they are to equal each other), ¢
can have another value. This happens in (8.4) if sin(6, — ;) = 0 or sin(2(6, — 6,)) = 0 and
n (8.5) if sin(f, — 6,) = 0 or sin(2(; — 6,)) = 0, so if at least one condition out of each of
the following two lists holds (where the first column refers to the conditions induced by (8.4)
and the second to the conditions induced by (8.5))

0, = 0,4 180° 0, = 6,+180°
0, = 6+ 90° 0, = 0,+90°

0, = 0+ 180° 0, = 0,+180°
0, = 0, + 270° 0, = 04+ 270°

By analyzing this together with (8.6) we can find all the valid combinations (without over-
lapping 6’s). For example, start with (8.6a), i.e. §, = 6, + 180°. Now we cannot choose
0, = 0, + 180° from the left list anymore, because in that case 6, = 0, + 180° = 6 4 180° +
180° = 6, which comes down to overlapping €’s. Proceed to the next option from the left
list, 0, = 6, +90°. This one appears to be possible to choose and we are now only to select
one from the list on the right. The first one is impossible, as we already chose 0, = 6, 4 90°.
The second one fails too, because the combination 6, = 6, + 90° and 6, = 6, 4+ 90° would
imply 60, = 6,. The third option has to be dropped due to the same reasons as the first item
from the left list, and the fourth and last one 6, = ,+ 270° combines with 6, = 6,4 90° (our
current choice from the left list) into 6, = 6, + 180°. This does not get along with our inicial
equation, i.e. 6, = 0, +180°, because it causes overlapping 6, and ¢,. Thus can be concluded
that the second item on the left list is also not a valid combination with (8.6a). A similar
argument applies to the fourth item on the left list, whereas the third one, 6, = 0, 4+ 180°
appears in both lists and serves as the only correct choice. This, together with an analysis of
(8.6b) executed in the same manner, results in

6, = 0, +180° and 6, = 6, + 180° (8.7a)
0, = 6, +180° and 6, = 6, + 180° (8.7b)

The third possibility (8.6¢) substituted in the equations for ¢ (8.4) and (8.5) gives ¢ = —Rs/R,..
Now recall (7.17) and (7.18), adapted to the use of a circumcenter

Rs cos(20,) sin(03—05)+cR, cos(260,) sin(0,-—04)
a R 20,) sin(6,—06
< b ) = ( Rs cos(295)sin?gfi%p)pli}gfc%s@%)r)sin(9p79r) > (88)
Ry cos(2604) sin(0q—0))
R sin(26,) sin(04—05)+cR, sin(26;.) sin(6,—0,)
a Ry sin(20,) sin(6,—6
< b > = ( Rs sin(295)sin?;:rl(Gp)pJ)ri}r%lfs?n(Q%z)sin(9p79r) > (89)
Ry sin(264) sin(0,—0p)

Substitute ¢ = Rs/R, and combine this with 6, = 6,4 180° to obtain zero-valued counters of
a and b. This means an impossible one-to-one dependency of rows, unless the denominator
of a and b also becomes zero, in both (8.8) as in (8.9). Observe that R # 0 Vf and moreover
sin(260y) and cos(26¢) cannot simultaneously become zero, so the only remaining option would
be sin(f, — 6,) = 0. However, this is also rejected, because p and ¢ were assumed not to be
parallel. So finally, the only shapes possible to make a row of M linearly dependent on 3
other rows, are those who satisfy (8.7), which means that the shape must consist of (at least)
2 pairs of parallel sides.
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As mentioned before, the determinant of the system becomes zero if one of the four equations
(7.21) is satisfied. These simplify in the case of a circumcenter to

cos 20, =0
cos 204 = 0
sin 260, = 0
sin26, = 0

and thus to 6, = 0 mod 90° or 6, = 0 mod 90°. But as this restricts the rotatability, it is
not yielding any new possibilities for rotatable shapes and hence there is no need for further
investigation. Thereby Lemma 8.4 has been proven. |

It should be noted that Lemma 8.4 does not imply that a shape has to exist of at least
two parallel pairs to reduce the rank of M and thereby create the possibility of a second
order accurate shift transformation; this because it only treats dependency of one row on
three others, and not on more than three. If there are only four rows in M -i.e. if we
are considering quadrilaterals- Lemma 8.4 does have consequences though, expressed in the
following Corollary.

Corollary 8.5 Using the circumcenter as the center of the cell, the only rotatable quadrilat-
erals on which a second order accurate shift transformation can be defined, are the rectangles.

Proof In case of a four-sided cell, Lemma 8.4 tells it has to be a parallelogram. In using
the circumcenter, we implicitly assumed it exists. However, in general parallelograms do not
possess circumcenter, which is conceived easily considering Figure 8.4

e — — — — & —

S

Figure 8.4: Parallelogram with lines indicating equal distance to pairs of cornerpoints

In this figure, the two dashed vertical lines indicate the points with equal distance to respec-
tively the upper two and the lower two cornerpoints of the parallelogram. Realizing that the
circumcenter is defined as having the same distance towards all the cornerpoints, it should be
situated on the intersection of the vertical lines. But this intersection trivially does not exist,
unless these two lines completely coincide. This only happens in a parallelogram with two
perpendicular pairs of parallel sides, i.e. rectangles. However, so far this still only has been
proven on V Eyrp, because the proof is based on M. To determine the appropriate shapes
on V Fy, we consider the appropriate shapes on VFrp and test whether they remain valid
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without the potential field assumption (as argued at the end of Chapter 6). In this case it is
easy, as we already figured at the end of Chapter 5 that a rectangle is a rotatable shape on
any velocity field while using equal C’s. Hence Corollary 8.5 has now also been proven on
incompressible velocity fields in general. |

One might have noticed that Lemma 8.3 is only valid on V F7p. However, Corollary 8.5 already
treats the quadrilateral case on V Fj. Moreover,pentagons do not have to be considered,
because one cannot construct a pentagon with two pairs of parallel sides. So there are no
suitable pentagons on V Frp which can be tested upon their applicability on V F;. Finally,
Lemma 8.3 is superfluous regarding hexagons and shapes with even more sides -this will be
explained in the next chapter- and thereby it is no good trying to extend Lemma 8.3 to V FT.
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Chapter 9

Other centers and more faces

So far, triangles and quadrilaterals in combination with a circumcenter were treated. Of
course, other choices for a center are possible and the investigation can be extended to shapes
with more than four faces.

Triangles. It was shown in Theorem 8.1 that our favourite choice for the center, the cir-
cumcenter, cannot provide a second order accurate shift transformation on any triangle. One
might expect other centers could do the job, but as on a equilateral triangle all the logi-
cal centers (circumcenter, incenter, orthocenter and centroid) coincide, and the circumcenter
does not work on an equilateral triangle, the other centers cannot work as well on this spe-
cific triangle. Although it is not a formal proof, it raises doubt about the fitness of those
other centers for other triangles than equilateral ones. Moreover, since equilateral triangles
are considered to be the most regular triangles, it would be quite counterintuitive if a shift
transformation would exist for all triangles but equilateral ones. But yet again, this is not a
formal proof and should be investigated more thoroughly.

Quadrilaterals. Regarding quadrilaterals, there cannot be made such a strong statement
as for triangles (yet). Corrolary 8.5 tells that while using the circumcenter, the only useful
(because rotatable) shapes are rectangles. This means that, as opposed to triangles, a shift
transformation can be found on the most regular quadrilateral, the square. This clears the
way for the presumption that other choices of centers may lead to new appropriate shapes,
especially when you bear in mind that only a specific class of quadrilaterals posseses a circum-
center and other centers thus come with other shapes. For example, as seen in Chapter 5, the
parallelogram is a shape which can be used for a second order accurate shift transformation,
assuming the center is defined by the intersection of the diagonals. It still has to be examined
whether other quadrilaterals are suitable with this or other centers; this could probably be
executed by means of similar calculations as in the previous chapter and is left as a subject
for further research.

Pentagons. On the subject of pentagons, no research was done. Following the previously
elaborated method it would demand at least an exploration of the linear dependency of one
row on four others, which is to be expected more complicated than the one-on-three or one-
on-two dependencies. This is also left as a subject for further research.
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Hexagons and shapes with more sides. As hexagons have six sides, the matrix M
will exist of six rows. But the amount of columns remains unaffected, i.e. five. Hence, the
matrixrank will be at most five, which is less than the amount of faces of the cell #f. Ap-
plying Theorem 6.1 gives that an at least second order accurate shift transformation can be
found on incompressible velocity fields induced by a potential. This proof is of course also
valid for shapes with seven or more sides. Unfortunately, we cannot conclude straight away
the same about the applicability when the potential field assumption is omitted; a analysis
of M is necessary. As the matrix M consists of seven columns, we need at least eight sides
to unconditionally validate all possible shapes.

It should be emphasized that the considered shapes are only tested on their fitness for con-
structing a second order accurate shift transformation and not on their usefulness while de-
signing grids.



Chapter 10

Concluding remarks and more ideas
for further research

The main result proven in this work is the non-existence of second order accurate shift trans-
formations on any triangle using the circumcenter as the center of the cell. Thereby we
fullfilled the primary objective of this work: to investigate the possibility of developing a fully
conservative, symmetry-preserving discretization on a triangulated mesh, using the technique
of shift transformations. It might sound a bit counterintuitive that such a shift transforma-
tion cannot be found: why is one not capable of averaging three values to obtain a sufficiently
accurate estimation in the center, whereas this is possible for a rectangle? The absence of
two parallel sides being the reason of the failure on triangles, was inicially not that obvious at
all. The primary focus of this research was to actually find the shift transformation, already
supposing it would exist. But during various attempts with different approaches -one with
Green’s function, one dividing the triangle in smaller triangles and one in which the outcomes
of a computer algorithm searching for the optimal values of C'y were analyzed- the idea of the
absence of a solution made its appearance and started to grow stronger and stronger. Finally
the use of the famous Taylor series development gave the assuring answer on all the fruitless
attempts: no matter what method used, the triangles with circumcenter cannot be caught in
a second order accurate shift transformation.

As discussed in the previous chapter, other centres in triangles can be chosen, but they sup-
posedly will not alter the situation. A less trivial alternative: not choosing the center of a
triangle, but defining it by the demand to result in a second order accurate shift transforma-
tion. There is no guarantee this will work, but it might be worth a try. Other ideas for further
research: extend the proof to three dimensions to see if it still holds, or try to construct an
average which uses not only the faces of the particular cell, but also those of its neighbours.
As opposed to the triangles, there does exist a suitable shape in combination with a circum-
center on the realm of quadrilaterals, namely the rectangle. But unfortunately this shape
is not very accurate while applied on curved domains. Regarding pentagons nothing can be
concluded yet, and for hexagons and shapes consisting of even more sides one can always find
a second order accurate shift transformation on incompressible velocity fields induced by a
potential. Unfortunately, to state the same on general incompressible velocity fields, at least
shapes with eight sides are needed.

A more general extension of this research would be to try to reverse the problem and define
a shift transformation from collocated to staggered variables. In that way, also a fully con-
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servative symmetry-preserving for collocated schemes is obtained, using the convective and
diffusive difference operators of the original collocated scheme and, in combination with the
transformation, the pressure gradient and mass conservation of a staggered scheme.

Summing up, the method of Hicken et al. [3] using shift transformations is not to be ap-
plied to triangulated grids combined with a circumcenter, as it cannot provide a second order
accurate approximation. As argued, this makes one doubt whether it should be used on tri-
angulated grids at all. Moreover, of all the quadrilaterals combined with a circumcenter, only
the rectangles are suitable. However, there are still a lot of uninvestigated shapes left for fur-
ther research, as well as a three-dimensional point of view and other approaches using a shift
transformation, so it is very well possible that the shift transformation method does work on
implementable grids that approximate curves better than the unstructured, Cartesian grid
examined in [3].
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